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Assessment of bonding defects in FRP reinforced structures

via ultrasonic technique

Emma La Malfa Ribolla, Mohsen Rezaee Hajidehi, Giuseppe Fileccia Scimemi,

Antonino Spada, Giuseppe Giambanco *

Department of Civil, Environmental, Aerospace, Materials Engineering, University of Palermo, 90128 Palermo, Italy

ABSTRACT

ARTICLE INFO

Fiber reinforced polymer (FRP) composite systems are widely used for the rehabili-
tation of concrete structures such as building that need to resist to seismic loads,
bridges that have to carry heavier traffic loads. The technique consists in bonding the
composite plate to the concrete surface element in order to increase the flexural ca-
pacity. A proper attachment of the FRP plate to the concrete surface is necessary for
the efficiency of the load transfer between the reinforcement and the substrate. In
this work, the quality of composite bonding is characterized through ultrasonic test-
ing. The proposed technique is relative to a time domain analysis of the ultrasonic
signals and couples the Akaike Information Criterion (AIC), used as automatic onset
signal detection, and the Equivalent Time-Length (ETL), used as an indicator of the
quantity of energy propagating through the bonding. It has been tested both numer-
ically and experimentally, in vitro, using samples with imposed well- known defects.
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1. Introduction

Over the past decades, fiber reinforced polymer (FRP)
composite systems have been used for the retrofit of
concrete structures. The most common FRP rehabilita-
tion system consists of laminates of carbon- or glass- re-
inforced polymers (CFRP or GFRP), bonded to the sur-
face of the concrete by means of epoxy adhesive. This
technology offers exclusive advantages with respect to
the traditional strengthening techniques, e.g. immunity
to corrosion, low weight and excellent mechanical prop-
erties. The efficiency of a FRP rehabilitation system is
highly influenced by its integrity. In particular, the qual-
ity of the FRP-concrete interfacial bonding is a critical
parameter affecting the structural performance and life
expectancy of retrofitted structures since it governs the
stress transfer from the concrete to the FRP composite.
During the installation of the composite system, im-
proper cure can cause voids, inclusions, debonds and de-
laminations at the FRP-substrate level. The effects of the
common defects are discussed by Kaiser and Karbhari
(2003).In addition to this aspect, one of the main problem

related to the use of FRP strengthening is the detach-
ment phenomenon, which consists in the sudden and
brittle decohesion of the FRP reinforcement from the
quasi-brittle support element (Toti et al., 2013; Cottone
and Giambanco, 2009).

To evaluate the FRP-substrate defects, non-destruc-
tive techniques (NDT) can be used. For this specific ap-
plication, diversified NDT methods have been advanced
and an extensive literature review was carried out by
Dong and Ansari (2011) and Kaiser and Karbhari
(2004a; 2004b). Infrared thermography has been used
to monitor FRP strengthened reinforced concrete bridge
columns (Jackson et al., 2000), bridge decks (Halabe et
al, 2007), and reinforced concrete beams (Shih et al,
2003). Microwave testing has been used to identify ar-
tificially induced disbonds and delaminations within
the FRP and at the FRP-to-concrete interface (Akuthota
et el.,, 2004), and delaminations in concrete beams fab-
ricated and strengthened with CFRP (Ekenel et al,
2004). Mirmiran et al. (1999) investigated the applica-
bility of acoustic emission (AE) technology to inspect
hybrid CFRP tubes filled with concrete and to correlate
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the acoustic emission parameters to the state of stress in
concrete. Degala et al. (2009) describe an AE approach
to monitor the failure mechanism in reinforced concrete
slabs retrofitted with CFRP strips.

In accordance with the combined considerations of
defect detectability and practicality of use advanced by
Kaiser and Karbhari (2004b), ultrasonic tests are still
classified as primary methods of choice due to the exist-
ing considerable background and wide range of instru-
mentation.

Many researchers performed experimental studies
using ultrasonic waves for the damage detection on com-
posite laminates (Su et al., 2006; Lestari and Qiao, 2005;
Kessler et al., 2002; Alleyne and Cawley, 1992). All these
studies are based on the propagation of guided ultra-
sonic waves (GUWs). Different types of guided waves ex-
ist depending upon the geometry of the waveguide, for
instance in plate-like structures Lamb waves propagate.
These waves can travel over a long distance even in ma-
terials with a high attenuation ratio. Unfortunately, how-
ever, Lamb wave testing is complicated by the existence
of at least two dispersive modes at any given frequency.

Even though an extensive research exists in the
framework of damage detection on composite laminates
by means of GUWSs propagation, less information exists
about the wave propagation in FRP laminates bonded to
roughly inhomogeneous materials, such as concrete. In
this case, a high scattering attenuation occurs due to the
presence of heterogeneities. The concrete behaves al-
most like a perfect absorber generating a considerable
number of short-spaced echo peaks that make the defect
echo not observable. Previous efforts in the ultrasonic
evaluation of bonding defects at the FRP-concrete inter-
face are represented by the work of Bastianini et al.
(2001), which involves longitudinal waves propagation
in CFRP and GFRP composite materials applied to differ-
ent substrates (concrete, masonry, and polyurethane)
and is based on the relative amplitude of the first echo

Over good bond
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peak. Kundu et al. (1999) used both Lamb wave scanning
and longitudinal wave scanning, in particular pulse-echo
and tone-burst C-scan. Mahmoud et al. (2010) studied
the influence of aging condition of CFRP-concrete speci-
mens on ultrasonic features, i.e. velocity, peak ampli-
tude, average power, maximum power-frequency ratio
and frequency at maximum ratio. Mirmiran and Wei
(2001) used ultrasonic pulse velocity (UPV) testing to
quantify the extent and progression of damage in con-
crete filled FRP-tubes.

In this paper, an experimental study with the aim of
assessing the quality of the FRP-concrete bonding by
means of ultrasonic testing is presented. The main nov-
elty of the paper is the introduction of a statistical pa-
rameter called Equivalent Time-Length (ETL) to predict
the quality of the bonding. The proposed procedure in-
volves also the automatic determination of the onset of
the signal which is performed by means of the Akaike In-
formation Criterion (AIC) (Akaike, 1974). To interpret
the experimental findings, Finite Element (FE) analysis
were performed.

2. ETL for Defect Detection

In the case of perfect bonding between FRP and con-
crete, the acoustical impedance mismatch between the
two media is small. In this case, the sound speed meas-
ured in the FRP and the substrate is of the same order of
magnitude, therefore the energy of vibration is almost
entirely transmitted to the concrete where it is largely
absorbed by scattering. On the contrary, when the bond
between FRP and concrete is compromised by the pres-
ence of a thin air gap, the acoustical mismatch is much
bigger and the sound speed in the FRP is about 10 times
bigger than the one in the air. In this condition, a higher
amount of energy mostly propagates in the direction of
the fibers (Fig. 1).

Over bad bond

TRASMIT RECEIVE

Fig. 1. Bond testing pitch-catch mode.

To quantify the aforementioned energetic phenome-
non, the most common practices involve the use of the
first echo amplitude (Bastianini et al, 2001), the peak-
to-peak or the average amplitude of the signal in a given
time window (Kundu et al,, 1999). However, by applying
a direct-contact technique, the ultrasonic response in
terms of pulses amplitude is affected by two main factors,

i.e. the thin film of couplant between the probe and the
medium and the pressure of the transducers on the sam-
ple. Furthermore the presence of fibers strongly affects
the ultrasonic response.

The proposed approach considers the onset time of
the signal, which is calculated by applying the automatic
onset determination algorithm advanced by Akaike
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(1974) and used by other researchers (Maeda, 1985;
Kurz et al,, 2005). The algorithm allows the exact onset
determination when signal and noise are in the same fre-
quency range, which often occurs in presence of concrete
as a travelling medium (Kurz et al,, 2005). According to
this approach, , a time series can be divided into locally
stationary segments, each modeled as an autoregressive
process. A signal including the onset and a first estimate

of the onset time is needed. The intervals before and af-
ter the onset time are assumed to be two different sta-
tionary time series. For a fixed order autoregressive pro-
cess, the point at which the AIC is minimized determines
the separation point of the two time series (noise and
signal) and therefore the onset point of the signal, taic.
The AIC function is obtained through the following ex-
pression:

AICTK] = k log (var(A(k, 1)) + (N — k — 1) log (var(A(1 + k,N))), 1)

where the term A(k,1) means that the variance function
is only calculated from the current value of k, while A(1
+ k, N') means that all samples ranging from 1 + k to N
are taken. By calculating the minimum of Eq. (1), the on-
set time taic is obtained:

AIC (ki) = min AIC[K], (2)
tarc = KminAt, (3)
being At the time interval between two sample points.

Successively, the following wave feature, named
Equivalent Time Length (ETL) is calculated as:

N At (ty—t 110
ETL=\/Z"=A1C+1 () = tarc) k=[12..,N],(4)

N 2
Zk=arc+1 4ty

where N is the number of point samples, A(tx) is the am-
plitude of the signal at the time ¢x. It should be mentioned
that a similar parameter is adopted in the framework of
time-domain measurements of partial discharge pulse
(Contin et al., 2002). The difference with respect to the
present study is that in Eq. (4) taic is named to and is de-
fined as the time-barycenter of the energy of the signal.
In the framework of partial discharge pulses, the ETL, to-
gether with the equivalent bandwidth, provide an intui-
tive and compact representation of the detected signals.
From Eq. (4), itis noted that the ETL returns the time as-
sociated to the sum of the products of the instantaneous

energies and their respective square occurring time,
with respect to the onset of the signal.

3. Ultrasonic Test
3.1. Numerical setup

A two dimensional FEM model was developed to
simulate the ultrasonic wave propagation within a
composite laminate partially or fully bonded to a con-
crete sample. The numerical setup follows the work of
Ghose et al. (2011) where ultrasonic guided wave prop-
agation is simulated in a multi-layered composite struc-
ture. The model is presented in Fig. 2(a) and consists of
a 150x250 mm concrete sample cross-section covered
with a layer of CFRP, 1.4 mm thick. The FRP-concrete in-
terface was modeled according to four different condi-
tions. The NDO model corresponds to the fully bonded
condition, where the nodes in pair on the same interface
arerigidly linked together. In the ND1, ND2, ND3 models,
the bonding defects are introduced demerging the inter-
facial nodes. 4517 triangular elements were used to
mesh the domain of the CFRP and concrete (Fig. 2(b)).
The material properties of the CFRP and concrete mate-
rials used in the model are mentioned in Table 1. The
properties of the CFRP were defined considering the ma-
terial as orthotropic with unidirectional fibers laid along
the x-direction and the rule of mixtures (Voigt, 1889;
Reuss, 1929).

Table 1. Material properties of FRP and concrete.

Young’s modulus Density . ) .
Parameters [GPa] [ Poisson’s ratio
E11=200 vi2=v13=0.31
8132 E22=E33=12 S v23=0.45
Concrete E=25 2300 v=0.33

The excitation signal was chosen by considering five
cycles of sine function at 500 kHz generated by the
pulser-receiver and transmitted/received by means of
the ultrasonic probes placed in contact with each oth-
ers. This expedient was chosen to better simulate the
experimental excitation input given to the structure.
The disturbance was applied to a 2.5 mm long line of
the CFRP boundary to simulate the excitation transmit-
ted by the probe on the sample with displacement along

the z-direction. To model the two dimensional geome-
try the case of plain strain was considered. Time de-
pendent analysis, Lagrange quadratic type of element
were used for the solution. The duration of time span
for the solution was chosen to be 160 ps in such a way
that the complete signal was captured at the point of
observation, which is the midspan of the output line in
Fig. 2(a). The time step chosen in the model was 0.01

us.
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(a)

ND3 Bounded
ND2 — Unbounded
ND1
NDO == [nput line
== Output line
; = = = =—=0.14
4 4 : < s X
- ) 4 S _
e - o \4 A.a :
- < ' A '
a X Sagn 15
L k& - A % .
ST 4 . $ 4
. q 4
i a _.4 <4, 4 <

000000 n Iy %AQ
| | | |

I

[ l

(b) 2 9.75 25

1.5 25 3.75 3

X,

L,

X

Fig. 2. Numerical simulation setup: (a) Scheme; (b) Mesh of the model.
(Geometrical dimensions are expressed in centimeters.)

3.2. FRP-concrete samples preparation

Four concrete prisms with dimensions of
180x250%150 mm were prepared using Type I Portland
Cement, water, river sand and #67 limestone coarse ag-
gregate as substrates. The average 28-days standard cu-
bic strength was 30 MPa. The concrete was sandblasted
to achieve a surface profile of #4, according to the Inter-
national Concrete Repair Institute (Guideline 310.1R-
2008, 2009). Bonding the FRP was executed in accord-
ance with the manufacturer’s application guideline using
commercial epoxy resin. In order to simulate the lack of
bonding of the FRP, three types of defects of known di-
mensions were imposed on three of the four samples us-
ing the interposition of different foils of Teflon between
the concrete surface and the adhesive layer. The four
samples were named from DO (absence of defect, i.e.
pristine state) to D3 (large defect), according to the size
of the included Teflon foil. Fig. 3 shows the top view of
the concrete samples at the time of the position of the

defects. After mixing the two-component adhesive, this
was applied using a paint brush. While the epoxy resin
was still wet, dry uniaxial fabric was placed onto the sub-
strate and pressed by means of hand pressure in the fi-
ber direction. A second layer of epoxy was applied using
a paint brush, rolling from the middle of the sheet to
push out all air bubbles, ensuring that the fabric was
completely saturated. The FRP was allowed to cure for 7
days at 23°C.

3.3. Experimental setup

The setup shown in Fig. 4 was employed for the ul-
trasonic testing in the FRP- concrete samples. A house-
built pulser-receiver was used for generating and ac-
quiring the ultrasonic waves. In this test, five cycles of
sine wave with frequency 600 kHz, were generated
and employed as incident wave. Two ultrasonic trans-
ducers with frequency of 1 and 0.5 MHz (P25 Piezo, IMG
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Ultrasuoni s.r.l.) were used in a pitch-catch mode as a
transmitter and receiver transducer, respectively. The
diameter of the transducer’s contact surface was 25
mm. The transducers were placed perpendicularly to the
plane of the FRP reinforcement to produce a normal-
type ultrasonic wave. As conducting medium, coupling
gel was placed between the transducers and the specimen.
The received signals were amplified and filtered by an

DO - Pristine state D1 - Small defect

VA VA
K 7
2 -+ g e 1 2 A e A
| | | |
| | | |
| | | |
| | | |
[ [ 141 | |
20 l I | |
o il
2 | |
. .
: : 197 : :
| | 4 | |
7 b e = Ol R
3 A 3 l
4 10 4 25 5 25 4

ultrasonic preamplifier (Olympus NDT Inc., Waltham,
MA, USA). The acquisition process was controlled by a
house-built software Pulser 2.00. In order to obtain a
more accurate time waveforms classical assumption
of noise equal to zero is used, hence 50 waveforms
were registered at each measurement and the mean-
value of these acquisitions was used as a reference
waveform.

D2 - Medium defect D3 - Large defect

Va V.
27 i 27 e 4
#* _T ————— 1 7 P A
. | |
| | 8.4 | |
8 : : ’ ol |
14.1 : L |
- e
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L ! | 7.6 | |
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197 i .. L J‘ :
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7
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[::] FRP bonded area

Fig. 3. Concrete samples with the Teflon foils at the time of the FRP reinforcement laying.
(Geometrical dimensions are expressed in centimeters.)

5 cycles sine function TRANSDUCERS
f .= 300-600 kHz d= 25 mm
g™ 50 Msps f_.=051MHz

transmitting

PULSER / RECEIVER
fos= 1-25 MHz
facq= 3.12-100 Msps

A WUy
P - < receivng

PREAMPLIFIER

Fig. 4. Schematic configuration for the FRP-concrete ultrasonic test setup.
(Geometrical dimensions are expressed in centimeters.)

4., Results and Discussion

In this section, both the numerical and the experi-
mental results are presented.

Fig. 5 shows the vertical displacement map at two dif-
ferent instant, equal to 6.68 us and 15.04 ps. The two
sub-figures are relative to NDO model while the bottom
two sub-figures are relative to the ND3 model. For the
sake of shortness, only the two extreme cases are re-
ported. The displacement maps perfectly replicate the
physical phenomenon schematized in Fig. 1. In the case
of perfect bonding, the waves propagates through the
bulk material, conversely in the case of interfacial mis-
match the waves propagates through the FRP thickness,
being in this way assimilated to surface or guided waves.
It should be noted that the media are numerically homo-
geneous, hence the scattering and the damping caused

by the heterogeneities of concrete is not numerically
quantifiable. In the real case, it would therefore be nec-
essary to quantify the amount of acoustic energy which
penetrate in the bulk material and the amount that is re-
flected at the FRP-concrete interface. Nevertheless, this
requirement may be time-expensive and inconvenient.
To see how the whole energy reflection could be char-
acterized, we present in Figs. 6(a) and (b) the waterfall
chart containing the numerical and experimental waves
profiles, respectively, measured at each different defect
size and relative to the time interval 0 - 40 ps. The values
were normalized with respect to the maximum value
since the numerical pulse describes a displacement,
while the experimental pulse refers to a voltage. The
amplitude and the arrival of the signal change slightly,
whereas the energy distribution is visibly shifted by the
increase of the defect size. The variations observed were
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quantified by extracting the ETL from the time series.
Together with the ETL, the Root Mean Square Devia-
tion (RMSD) and the maximum amplitude (Amax) were
calculated. Their numerical and experimental trends
are presented in Figs. 6(c) and 6(d). The values were

normalized with respect to the case of worst bonding.
The latter is represented by the ND3 model for the nu-
merical case, while, for the experimental case, this is rep-
resented by a single laminate of FRP, considered free, i.e.
unbounded to concrete.

NDO; t=6.68 s

el e

100 [um]

NDO; t=15.04 ps

ND3; t=6.68 ps

ND3; t=15.04 ps

Fig. 5. Numerical results: displacement field, vertical component,
relative to NDO and ND3 model at the time 6.68 us and 15.04 ps.

The results show that the statistical parameters ETL
and RMSD behave monotonically. Both numerically and
experimentally, the ETL is increasing with similar varia-
tion, suggesting the quantity of acoustic energy that
passes through the bonding. A decreasing trend is in-
stead observed for the RMSD, which depends on the
choice of the baseline signal, that is the case of pristine
state. Lastly, the maximum amplitude does not seem to
have the same reliability to predict the quality of bond-
ing. Specifically, in the case of direct active ND measure-
ment the amplitude could be affected by external factors
discussed in Section 2.

The theory of acoustic propagation in materials
shows that the parameters of the backscattered ultra-
sonic signal depend on the ultrasonic signal frequency,
reason why the ETL was in this paper calculated by con-
sidering actuation frequencies in the range 200-600
kHz (Fig. 7). It was found that frequencies lower than
400 kHz are not reliable for the application developed,
as visible from the linear trends associated to the ETL
with not justifiable attitudes. It is however well known
that lower frequencies are associated to wider wave-
lengths, which can be over-size with respect to the de-
fect dimensions.
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Normalized features
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Fig. 6. FRP-concrete interface defect detection results:

(a) z-direction displacement profiles measured in the midspan of the output line of the numerical models;

(b) A-scan experimental waves profiles;
(c) ETL, Maximum amplitude, RMSD calculated for the numerical;

(d) Experimental waves profiles. The values presented were normalized to the worst case of bonding.

B FRP
Large defect
Medium defect
Small defect

B Pristine state

Fig. 7. FRP-concrete interface defect detection results:
ETL as a function of the quality of bonding considering different input frequencies.
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5. Conclusions

The integrity and the reliability of bonds are critical to
the quality of FRP reinforcement in concrete structures.
In this paper a pitch-catch energetic method is used as
inspector method of bonding condition. As a common
pitch-catch investigation, the method employs two
probes, one transmitting a burst of acoustic energy into
the test part and another one catching the sound propa-
gating across the test piece. The bond condition is usually
determined by considering the difference in the ampli-
tude and/or phase between good and bad bonds. In this
paper we introduce the Equivalent Time Length (ETL) as
an energy distribution indicator sensitive to the quality
of bonding. The inspection should be done at a fixed fre-
quency and considering a certain time-window. Generally
we observed that a bonded condition correspond to
higher values of ETL since the acoustic energy is transmit-
ted through the concrete. A disbond condition, conversely,
results in lower values of ETL since the waves travel be-
tween the transmitting and receiving transducer.

We conducted a numerical analysis and laboratory ex-
periments aimed at validating the above research hy-
potheses. A 2D finite element model of a FRP laminate
bonded to a concrete sample was created. Different bond-
ing conditions were modeled by decoupling the FRP-con-
crete interfacial nodes. Experimentally, FRP laminate with
a specific bonding defects were placed into four concrete
samples. The results demonstrated that the ETL increase
with increasing bonding quality. The experimental results
were also interpreted by comparing them to the numer-
ical ones. We found that most of the experimental and
numerical results are in good agreement each other.
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ABSTRACT

ARTICLE INFO

DX51D sheet is subjected to mixed mode I/Ill loading in a purposely designed fixture
apparatus. The resulting stable crack-tip growth, direction, slant angle and typical
factory-roof crack were observed and discussed as the loading mixity was varied. The
total essential work of fracture or fracture toughness, for each mixity loading, was
evaluated adopting energy methods during experimentation, whilst theory details
how the total may be separated into its individual mode components. The fracture
type and direction of crack path were based on the von Mises failure theory and the
fracture criteria of maximum shear stress, maximum hoop stress and maximum nor-
mal stress along with the application of Hill’s theory. The findings described clearly
establish the link between the applications of the energy based equations governing
crack initiation and propagation and the equations describing the stress field sur-
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rounding the crack tip in the mixed mode I/I1I field.

1. Introduction

Structures constructed from ductile materials are of-
ten subjected to mixed mode loading conditions in ten-
sion (mode I), in-plane shear (mode II) and out-of-plane
shear (mode III). Mixed mode I/III fracture in ductile
thin sheets is quite involved resulting in a complex 3D
stress and strain field around the crack tip.

Initial studies for mixed mode loading and the ensu-
ing fracture failure criterion proposed by Erdogan and
Sih (1963) suggested several criteria, the maximum
hoop stress criterion (MHSC) - the crack propagates
along the plane normal to the maximum hoop stress and
that this maximum hoop critical stress is a material
property and the maximum energy release rate (or Grif-
fith theory) - the crack propagates in a direction perpen-
dicular to the far field tensile load in a direction such that
the crack maximizes its energy release rate and there-
fore independent of the load mode mixity. Investigators
working with materials which fail in a brittle manner
who compared such criteria are Suresh et al (1990),
Macagno and Knott (1989), Royer (1988) and showed

that the crack propagation direction and crack loads dif-
fer only slightly when applying the criteria to these brit-
tle materials.

There has been much investigation undertaken on the
individual mode and on mixed mode loading. The vari-
ous criteria proposed by previous investigators are the
maximum strain energy density, whereby the crack
propagates along the plane with a minimum strain en-
ergy density criterion (Sih and Cha, 1974; Sih and
Barthelemy, 1980; Chen et al., 1986); the maximum nor-
mal stress criterion MNSC, when the crack propagates
along the plane normal to the maximum normal stress
(Tian etal, 1928), (Yates and Miller, 1989); the maximun
principal stress criterion - the crack propagates perpen-
dicular to the maximun principal stress; the maximum
strain energy release rate where the crack propagates
along a direction which maximizes the energy release
rate (Pook and Sharples, 1979; Pook, 1985; Chen et
al,, 1986; Yates and Miller, 1989). All these investigators
note that the crack growth direction and the fracture
loads differ only slightly no matter which criteria was ap-
plied.
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Nomenclature

Crack length [m]

Surface area of the crack [m?]
Young’s modulus [N/m?]
Stress Intensity Factor [Pavm]
Crack length advance, leg length [m]
Work hardening exponent
Specific essential work of fracture [N/m]
Distance from crack tip [m]
Thickness [m]

Displacement [m]/Length [m]
Work done/Energy []]

Width [m]

Work done []]

Work of fracture []]

Work of un/bending []]

Work of twisting []]
Coordinates

Load, force [N]

Direction of crack front [°]
Strain [/]

Direction of relative motion [°]

§§§q:ﬂw:u:hxma>m

~

Elastic strain energy []]

Mode mixity loading angle for Mode /111
Shear stress [N/m?]

Direction of stress [°]

Plastic strain energy []]

Plastic level through sheet thickness [/]
Distance from crack tip through the thickness [m]
Radius of curvature [m]

Stress [N/m?2]

Yield stress [N/m?]

Strength coefficient [N/m?]

Mode I component

@q‘b‘cmwmﬂ~<>e.mg><$§§
N

- — q
= )

Mode III component
I/1ll  Mixed-mode I/IIl component
Un/bending
Critical
Total
Twist
Yield
/c  Machine
rel  Relative

I N 9+ o=

CT  Compact tension

LEFM Linear elastic fracture mechanics
MHSC Maximum hoop stress criterion
MNSC Maximum normal stress criterion
MSSC Maximum shear stress criterion
SEN Single edge notched

Various authors have also studied the mode I/III frac-
ture in brittle materials and concluded that the tensile
mode I dominated the Mode I/I1I loading and the result-
ing typical fracture surface is non-planar (Sommer,
1969; Knauss, 1970; Chai, 1988; Suresh and Tschegg,
1987; Suresh et al,, 1990; Hsia et al., 1995, Chao and Liu,
1997). The fracture surface resulting from this mixed
mode loading is quite irregular and the crack initiation
angles are not easy to measure (Pook, 1985; Yates and
Miller, 1989; and Lui et al,, 2004). Crack propagation in
ductile materials under mixed mode I/Ill loading results
ina complex 3D stress and strain field, the resulting mac-
roscopic fracture mechanism are highly dependent on
the mixity ratio between mode I and mode I1I and the as-
sociated out-of-plane stress system. Work performed by
Shah (1974), Williams and Ewing (1972), Feng et al.
(1993), Hui and Zehinder (1993), Kamat and Hirth
(1994), Kamat and Hirth (1996), Helm et al. (1997),
Helm et al. (2001), Sutton et al. (2001) and Lan (2006)
all show that the resulting fracture surface is heavily de-
pendent on the material properties and mode mixity
competition of mode I versus mode III. This is also to be
shown in this investigation.

Transition fracture type in mixed mode I /11l in ductile
materials have been investigated by Erdogan and Sih
(1963), Maccagno and Knott (1992), Chao and Liu
(1997), Chao and Zhu (1999), Lui etal. (2004) using only
linear elastic fracture mechanics (LEFM) to predict crack
loading and crack path direction for both brittle and duc-
tile materials using the material’s strength ratio of shear
stress to tensile stress, 7./ g, and that the material’s fail-
ure is according to the classical Tresca and von Mises
failure theories. This approach is also adopted in this in-
vestigation since complete solution for the elastic-elas-
toplastic-plastic case of mode I/III do not yet exist, alt-
hough partial results have been provided by Pan and
Shih (1992) which are at present not sufficient.

The specimen types for the out-of-plane mode I /11l in-
vestigations have been varied. Sutton et al. (2001) and
Lan (2006) use a single edge notch (SEN) plate for in-
plane tension-torsion loading, whilst Wei et al (2005),
Yanetal. (2007, 2009), Wei (2011), Lietal. (2011) use a
CT SEN plate with a short initial starter crack length and
analyse their results using FEA. A modification to the CT
SEN is one with a longer starter crack, commonly called
a two legged trouser tear specimen, which is to be used
in this investigation. The longer legs SEN specimen ge-
ometry was initially used by Rivlin and Thomas (1953)
and successive co-workers for the large deformation and
non-linear elastic response of sheet rubber. Work on
ductile thin sheet materials has been successful com-
pleted by Mai and Cotterell (1984) and Muscat-Fenech et
al. (1992, 1992, 19944a, 1994b). The tests on the two leg
specimens use the work energy method and determine
the essential work of fracture.

The work described here is to combine the work/en-
ergy criterion of the essential work of fracture and the
crack tip stress/stress intensity approach. Investigators
tend to normally solve such mixed mode problems with
either method independently. The primary scope of this
work is to establish a link and show how, through suc-
cessful experimental under takings, this connection can
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be achieved, whilst introducing some novel approaches
to the theoretical and experimental work. Mixed mode
[/11I testing in ductile sheet materials occur as a compli-
cated affair, with many important fracture events taking
place. The investigation is to break down the many as-
pects involved during this process and report the find-
ings in a systematic approach. The governing equations
of crack tip stresses together with traditional theories
and fracture criterions predict the type, path direction
and slant angle of the advancing crack. Ductile fracture
theory, presented as a novel approach, will describe how
the mode mixity loading conditions affect the resulting
slant angle and fracture type. The work energy approach
extends the application of the established two-legged
trouser specimen to mixed mode loading and the deter-
mination of the essential work of fracture. In addition, a
new method based on the geometrical and mode I/III
loading conditions, can successfully partition the essen-
tial work of fracture into its pure mode values at each
loading mixity angle. The testing regime presented here
is the first of its kind.

2. Theory
2.1. Mode I/11I analysis

The crack tip zone suffers the highest stress concen-
tration for sheet material under mixed mode loading.
Westergaard (1939), Irwin (1957), Sneddon (1946) and
Williams (1957) were amongst the first to investigate
and publish the solutions of the closed form expression
for the crack tip stress, assuming anisotropic linear elas-
tic material behaviour. The original Westergaard stress
functions solved for limited crack problems and modifi-
cation, Sih (1966), Eftis and Liebowitz (1972), Sanford
(1979) to the theory gives greater applicability of the so-
lutions. Mixed mode fracture problems are reported pro-
posing the maximum hoop stress failure criterion, MHSC
(Erdogan and Sih (1963) on brittle materials); the maxi-
mum shear stress criterion, MSSC (Maccagno and Knott
(1992) on fracture of ductile materials); and the applica-
tion of MHSC and MSSC to predict the fracture type tran-
sition (Chao and Liu, 1997; Chao and Zhu, 1999). Liu et
al. (2004) and Chao and Zhu (1999) report that there is
only a very small difference between the elastic and elas-
tic-plastic crack tip solutions.

The current investigation describes and analyses the
many aspects of this complex mode I/III fracture of thin
sheet materials:

o the description of the initial crack tip stresses in-
volved during the loading;

o the fracture type determined from the material’s crit-
ical tensile and shear stress (applying the Tresca and von
Mises failure theories for ductile materials) when com-
pared to the mode I/I1I stress theoretical predictions, to-
gether with the fracture criterions of MSSC, MHSC and
the maximum normal stress criterion, MNSC, when the
crack propagates along the plane normal to the maxi-
mum normal stress;

o the path direction and slant angle of the propagating
crack are also determined using the material stress in-
tensity factors in the respective pure mode directions, K;
and K,

e an energy criterion is applied to this analysis along
with Hill’s (1953) theory of ductile sheet materials;

e the mode I/III essential work of fracture for varying
load mixity angle, y is obtained through experiment;

e geometrical and energy considerations allow the total
essential work of fracture, R to be separated into its indi-
vidual (Rrand Rur) percentage contribution of each of the
load mixity angle scenarios.

The approach considered here, linking the methods of
traditional crack tip stresses and intensity factors to the
essential work of fracture is an innovative approach for
mode I/III testing.

2.2. Mode I/1II crack tip stresses and fracture type
determination

Following the same trend as other investigators, Er-
dogan and Sih (1963), Maccagno and Knott (1992), Chao
and Liu (1997), Chao and Zhu (1999) and Liu et al.
(2004) to the solution of problems involving mixed
mode, the mixed mode I/1I/III crack tip stress fields, us-
ing cylindrical (r, 8, z) coordinates are shown in Fig. 1.

Main Crack

Leading
Edge Main
Crack

Fig. 1. Mixed mode I/II/1I1.

In thin ductile sheets, fracture is always a mixed
mode affair, involving both the tensile effects (mode I)
and out of plane shearing (mode III). To determine the
fracture type, the maximum tensile, o,,,, and shear
stresses, T,,,x, through the sheet thickness are required
and compared to the material properties of critical ten-
sile stress, ¢, and the critical stress in shear, 7. For ten-
sile fracture; 7,4,/ Omax < Tc/ 0. and for shear fracture:
Toax/ Omax > Te/ 0. and applying the von Mises failure
criteria for ductile materials in mixed mode loading,
1. = 0.5770,.
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The tensile and shear stresses are obtained by a trans-
formation through the thickness in the yz- plane is re-
quired. Such an element, through thickness plane, is
shown in Fig. 2, the point is located at (p, @), where p is
the distance of the element from the top face through the
sheet thickness and « is the slant angle of the advancing

crack plane. The slant angle is defined as the angle be-
tween propagating crack plane and the original flat crack
plane. The slanting crack advance phenomena is ob-
served and recorded in crack growth experiments in thin
ductile materials, where the initially flat crack turns to a
slant angle, « after a short flat-to-slant transition.

plane of original direc-
tion of crack front, 6 = 0°

y €

Oop(0.0)

7(0, oc)

aa(H a) W
0

(0,a) Pl

)

X

» c00(6)

"00/‘ /_7/“

V.

Fig. 2. Element at distance p in the yz- through thickness plane: Element (6, a).

Chao and Zhu (1999) and Lui et al. (2004) give that
for plane stress conditions, in the through thickness
plane, under mode I/III, the crack tip tensile and shear
stresses are:

_ 36 K 0
0(6,a) = \/_ 0S5 sin2a, (N
7(0,a) = 2\/_ cos? —sm 20 + \/ﬂcos % cos 2a. (2)

The above equations show that when a cracked body
isloaded, itis possible that propagation is to occur either
along a tensile fracture path at angle 8" or along a shear
facture path at an angle 6** to the original direction of
the crack front in the xy- plane. Whilst the plane of the
crack front propagates inclined at an angle « (¢*and a™”,
tensile and shear respectively) in the through thickness
yz- plane. In reality, the event is a combination of both
individual fracture types, however the contribution of
one mode over the other depends upon the mode mixity
of loading. The contribution is discussed following the
experimental investigation. From Lui et al. (2004)
method for mode [ /111, using the MNSC, MSSC and MNSC,
the material (7./0,) property and the stress intensity
factors Kiand Kur:

-2
6" = 0° , = —tan = ,
K”[ tan2a
K111

'Ple‘-l

<a*<0 for K; =20 . (3)

In the plane of original direction of crack front, 6* =
0%, Fig. 3 and slant angle, a* the maximum tensile stress:

K K
Omax = JZ—%cosza* - \/zﬂsm 2a* 4)

Introducing the critical stress intensity under mode
I, K, = 0./ 2nr.,where g, acts at critical distance from
the crack tip 7., the critical maximum tensile:

K
X cos?ar =M gin2q* =1, (5)
Kic Kic

In Fig. 3, when a = a* the slant crack front is typically
described as a factory roof appearance. g, is therefore
parallel to the factory roof plane. In the case of
040 = 0,a"), the fracture angle a*, is also dependant
on the loading/mixity angle y This load mixity angle y is
to varied in this investigation between 0° and 90¢, (y = 0°
- pure mode [; y = 90° - pure mode III).



De Marco Muscat-Fenech and Ciappara / Challenge Journal of Structural Mechanics 2 (3) (2016) 147-162

151

3

%0(0)

O-pp Oa)

29

@00
oy

T
§
Q

Ory, o

z : original crack front plane, 6 =

Fig. 3. Element at distance p in the yz- through thickness plane. Element (6 = 0°, ).

The maximum shear stress, along a plane at /4 from
that of the maximum normal stress, i.e. a** — a* = /4,
with a¢* from Eq. (3) and 6** = 0, the slant angle and
maximum shear stress are:

at* n-1 [Kml (6)

sin2a™ + 1L cos 20 (7)

oo

Tmax = 2\/—

In this condition, the crack roof is at an angle of
(m/2 + a**) from the original crack plane, as shown in
Fig. 3. If the maximum shear stress reaches the critical
shear stress of the material, with 7, = K;./0,/27r,, then
(o./7.) ((K,/2K;¢) sin 2a** + (Kyj;/K;¢c) cos2a™) =1 .
Therefore, for the transition between the type of failure
can be concluded according to the equations:

1( K
( 1)sm2a +cos2a**

T 2\Kjj1
- = K| i (8)
o (—)cosza*—sm 2a*
K
cos 2a™ +< sin2a*
KI — g
9

=7 T .
Kiir P cos? a*=Zsin2a**

2.3. Energy criterion

The work required to propagate a crack by unit area
is defined by the essential work of fracture, also referred
in literature as the fracture toughness, R. The essential
work of fracture attains a critical value R when cracking
initiates, whilst during quasi-static crack propagation,
the material will crack at constant R.

For a material containing a starter crack of area 4, the
quasi-static incremental interchanges, as the body is
loaded by an external force X and associated displace-
ment u, produces a change in the elastic and plastic
strain energy and the fracture work. The level of strain

either surrounding the crack tip, or in the surrounding
material dictate the strain energies involved.
The work equations are:

Xdu =dA + dI' (before crack propagation) and (10)

Xdu =dA+ dI' + RdA

(during quasi-static crack propagation). (11
The essential work of fracture, R is obtained from the

experimental force-displacement X-u plots using the en-

ergy, U. From Eq. (11):

U U
R=(5)x==(G)w

During mixed mode I/1II loading, for each fixed load-
ing mixity angle, the slant angle initially increases with
crack extension, during the flat to slant transition. Even-
tually a steady state slant angle is achieved. The fracture
surface is rough with the actual fracture area larger than
the assumed planar surface. As a result of this increased
surface, the material fracture process zone requires an
increase of the work rate input to the system in the early
stages. From the initial flat fracture surface, during the
initial stages, the low toughness central region of the
sheet material burrows through the material ahead of
the surface. The burrowing produces the observed char-
acteristic stretching on the outer surface. The surface is
pulled along and propagation occurs under increasing
load. The flat starter crack twists into the slant fracture.
As a consequence the essential work of fracture also in-
creases during this early transition stage producing the
characteristic R - A crack growth resistance curves. For
the thin sheet material tested here, the growth of the
large crack tip zone is not completed before the crack
starts to advance.

Results show that the R curve is characteristic of the
material and independent of starting crack length, how-
ever dependent with rate, temperature and environ-
ment. In addition, it is found that the resistance to crack-
ing, R and hence K, changes with thickness of the body.

(12)
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The concept of K and hence R, changing with thickness
with specimen thickness is all part of the same related
process. Under plane stress conditions there is a low
constraint to flow at the outside of the body due to the
stress-free surfaces, however when plain strain condi-
tions apply the interior material is not able to flow. Vari-
ations of essential work of fracture with material thick-
ness are found in most materials.

2.4. Mode I/11l specimen

Different specimens have been used for mixed mode
[/11l investigations. Sutton et al. (2001) and Lan (2006)
use a single edge notch (SEN) plate for in-plane tension-
torsion loading. Wei etal. (2005), Yanetal. (2007, 2009),
Wei (2011), Li et al. (2011) use a CT SEN plate with a
short initial starter crack for out-of-plane mode I/1II
testing. Zhu (2011) use an all fracture (AFM) rectangular
bar SEN specimen.

The specimen chosen for this investigation is an SEN
specimen with long initial starter crack length, also com-
monly called a two legged trouser tear specimen. The
trouser tear test was initially used by Rivlin and Thomas
(1953) and successive co-workers for the large defor-
mation and non-linear elastic response of sheet rubber.
This specimen has been adopted with success by many
investigators for ductile sheet materials to determine the
essential work of fracture R in pure mode III investiga-
tions (Mai and Cotterell, 1984; Muscat-Fenech et al,,
1992; Muscat-Fenech and Atkins, 19944, 1994b; Muscat-
Fenech, 1992). Various material models have been used
whilst, Muscat-Fenech (1992), Muscat-Fenech et al.
(1992), Muscat-Fenech and Atkins (1994a) analyse the
energy balance of tearing, mode II], in thin sheet materi-
als made of elastoplastic material. This two legged trou-
ser specimen has proved to provide valid and reliable
test data. Muscat-Fenech (1992), Muscat-Fenech et al.
(1992), Muscat-Fenech and Atkins (1994a, 1994b) have
analysed the effect of the geometrical sizes of leg length,
L, leg widths, w and material thickness, t on the ensuing
crack path propagation. The leg length has to be sulffi-
cient to allow the material to bend and unbend freely as
the crack path aligns itself for propagation. The legs
widths must be equal, otherwise the crack path will di-
verge into the narrow leg with region, Muscat-Fenech
and Atkins (1994a, 1994b).

For any material model characteristics, ranging from
elastic to elastoplastic to rigid plastic, the work energy
Eg. (11), as shown by the investigators who have suc-
cessfully adopted this method as described above, al-
ways result in an equation of the form:

X=2+w {functionof 0,,p,E,¢,§}. (13)

The variables in the { } brackets are geometrical and
material properties. p is the radius of curvature of the
leg width w, which is different in magnitude for each leg
width, w of thickness, t and hence a function of the level
of the plastic region ¢ through the sheet thickness. The
{function of g, p, E, t, £} describes the strain energy per
unit volume and encompasses and represents all the

bending, unbending and twisting work interchanges ex-
perienced by the legs.

The above equation would at first glance indicate that
a plot of force per unit thickness, (X/t) versus leg width,
w gives a straight line with intercept (R/2). However
this is not the case. The straight line indicated in Eq. (13)
is usually a best fit polynomial curve. The typical curve
increases in value, maximises and then decreases as the
leg width increases, (also present in this investigation).
This occurrence is due to the competition and balance
between the work of fracture Wy and the work of
un/bending Wp and work of twisting Wr, Muscat-Fenech
etal. (1992, 1994a). The work of un/bending and twist-
ing are far from unimportant as often inferred by many
investigators. In fact the specimens used by Wei et al.
(2005), Yan et al. (2007, 2009), Wei (2011), Li et al.
(2011) clearly shows the clamping region with sharp
kinks at the edges of the clamps and the overall specimen
deformation. The leg lengths are too short to allow the
natural irreversible plastic deformation work to form
completely and allow complete un/bending and
un/twisting of the specimen. This surely had an effect on
the crack tip stress and strain field, the angle of crack
propagation and angle of the slant crack front.

2.5. Link between the energy and crack tip stress
methods

The energy and crack tip stress (involving the stress
intensity factors) methods both describe the same pro-
cess. The essential work of fracture R, quantifies the net
change in energy that accompanies an increment of
crack extension; whilst the stress intensity factor K quan-
tity characterizes the stresses, strains and displacements
near the crack tip. The energy release rate describes
global behaviour, whilst the stress intensity factor is a lo-
cal parameter. As such K has nothing to do with fracture.
However, for a specimen undergoing deformation the to-
tal strain energy stored per unit volume = (1/2) o € =
(1/2)(0%/E) is obtained as the area under the force dis-
placement, X-u plot. Griffith proposed that the elastic en-
ergy stored in the plate due to the presence of the crack
to be: U * = o%ma? t/E resulting that o = K/( YVra).
In principle ¢ may be substituted in terms of K, such that
(1/2)(K?/EY?ma) and is integrated for the whole body.
Therefore the R in quasi-static propagation must also be
expressible in terms of K, hence the K of the propagating
crack also serves to characterise a material’s resistance
to crack propagation and it may be an alternative param-
eter to R. The process zones contains the fracture events
themselves and the K dominated characterisation of
fracture can be successfully applied so long as the pro-
cess zone is small around the crack tip. Atkins and Mai
(1985), Anderson (2005), amongst many others, both re-
port that from many experiments by other researchers,
that test pieces using the same material give comparable
constant K value during propagation as does R. Whilst
many associate K to (o, a) combinations at the start of
cracking, this constant K that ensues with cracking is in
fact like R. In fact, both the K and R values are often re-
ferred to as fracture toughness, explaining why in this
work R is referred to as the essential work of fracture
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and K as the stress intensity factor. The confusion be-
tween the two normally arises since the stress intensity
factor K = o Yy/ma is produced in a cracked body by the
applied stress ¢ and the critical stress intensity factor K.
is of the material. When cracking occurs, the applied
stress intensity factor reaches the critical value. K and R
are related via Young’s Modulus E, by the equation K? =
ER. Equations involving the essential work of fracture R
determine the loads and therefore the stress to cause
fracture as does the above equation for = o Yvma,
therefore a relation between the two must exist. Just as
K refers to the mode of opening by the subscripts I, (II)
and III, R is normally written as simple R without a sub-
script, here the notation to describe the mode of opening
is to be extended and use the same notation of I, (II) and
[IIto R

2.6. Separation of the essential work of fracture
mode 1/1lIl components

Hill (1953) originally suggested a yield criterion of
ductile sheets in which the specimens form localised
necks along the line which will develop into fracture.
The mode I /1] test specimens clearly show how the orig-

mode III S

inally full thickness crack edge, not only turns and ad-
justs itself along the slant angle a, depending on the
mode mixity y, but also shows visible localised necking.
The direction of slant angle a through the material thick-
ness, is suggested here, to follow Hill’s theory, such that:
tan @ = (1/4)coty. The loading or mixity angle, y is var-
ied such thaty = 0° (mode I) and y = 90° (mode III), to
follow Hill's loading angle direction terminology. The
relative motion as the crack proceeds with the mixity an-
gle y is illustrated in Fig. 4 and this approach allows the
total essential work of fracture under mixed mode load-
ing I /111 to be split into its individual pure mode compo-
nents.

The relationship of the direction of relative motion
with ratio of strains is:

uI”/uIII €111
Mo _ Sl (14)

tana = uI/qu e’

where u; and u;; are the change in length, with re-
spect to mode I and III, of the original gauge length u;
and u,;;, respectively, with the strains €; and €, parallel
to the mode [ and Mode III axes respectively as marked
as gauge length points on the specimens..

u, cos 7 -7

-
=“Sin a coS y
-~ rel

y

A

U, sin(y+ a)

U sin V4
= Ur COS @ SiN

Fig. 4. Displacement components for mode I/III.

From the specimen geometry and displacements, the
cross head, displacement u,, . can be defined as:

Umjc = €U, COSY + €Uy SINY = Upg SN @ COSY +

Upe; COS O SINY = Uy SiN(y + a), (15)

where u; and u;;, are instantaneous measured total
length between the gauge indicators in the respective di-
rections.

Moreover in a ductile body (such as steel), the defor-
mation occurs in the direction at which the body is being

loaded, therefore, considering the deformation into each
mode, such that, u; = f(R;) and u;;; = f(R;), then:

—L = f(tany), (16)
111

R
%’ =g (R’—;') = h(coty,tana). (17)

Since the total energy contribution during loading is:

Ur = foum/CX du = Xu,,; sin(y + a), (18)
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The total energy Uy is split into the two modes I and
mode I1I, U, and U, as follows:

U, = fouIX du = Xu,,;, sinacosy,
Uy = fou"IX du = Xu,,; sinycosa. (19)

From Eq. (12), the total essential work of fracture, R
and the components in the I and I1I direction are:

AWy X .
R=-— ﬁ = U Sin(y +a), (20)
2 .
R =— —(g:l)” = L%urez sinacosy,
2 .
Ry =— % = Lﬁturel cosasiny. (21)

The percentage contributions of each mode essential
work of fracture, %R, and %R;;;, to the total R with the
varying loading mixity angle, 0°(model) < y <
90° (mode III), is expressed as:

Ry sinacosy
%R, =L =TT

Hence, for quasi-static cracking in plane stress condi-
tions, applying the standard relationship, K2 = ER, to-
gether with Hill’s yield criterion and ratio R, /R, gives:

X .
Rirr _ Eurel cosasiny _ Cosasiny _ tany _

=4 == =4tan’y =
Ry Tilrel Sinacosy  sinacosy tana
2
Km) R=_ AUy _ X , )
( K] - 9A Lt Urer Sln(]/ + a) ) [ 3)

Substituting Eq. (24) into mode I/III Eq. (9) in terms
oft/o,a*and a**, then:

2
Ry [ cos 2a**+£ sin2a* ]
L e |,

R

(24)

T T,
= cos? a*—=sin 2a**
’ 2

3. Experiments: Material, Specimen and Fixtures

The mixed mode I/IIl specimens are manufactured
from galvanised low carbon steel, grade: DX51D. The
mechanical properties of the material, in orientations of
09, 45%and 9009 to the cold roll direction, are shown in Ta-
ble 1, were determined in accordance with BS EN ISO

R~ sin(r+a) ’

Rirr sinycosa
WR,)y =—=—"—
0 By .
m R sin(y+a)

(22)

6892-1, 2009. (Instron 4206 tensile testing machine,
crosshead machine speed of 1.8mm/min according to

range 2.)

Table 1. Material Properties for DX51D.

Angle to rolling direction, © 0 45 90 Average
Young’s Modulus, E, GPa 198 203 197 198
Ultimate Tensile Strength, MPa 355 354 357 355
Lower Yield Strength, MPa 313 305 297 305
Upper Yield Strength, MPa 321 324 303 318
Strain Hardening Exponent, n 0.279 0.323 0.291 0.304
Strength Coefficient o,, MPa 670 701 683 689

Mixed-mode I/1II testing was performed on two leg-
ged specimens, Fig. 5. The material is of thickness, t of 0.6
mm and 1mm and leg widths, w of 12 mm, 24 mm, 36
mm and 48 mm, the total overall specimen length of 150
mm, allows a 12 mm clamping length, with starter crack
lengths, a of 100 mm. The length of the leg or starter
crack length a, was decided upon after several speci-
mens were bent to ensure that the length of the leg is ad-
equate for a natural curvature to form and prevent
kinking in the clamped regions.

Specimens were clamped in the specially designed
mixed-mode /11l jigs. The fixtures were designed to en-
sure no rotation of the fixture when coupled with the
testing machine, such that in- and out-of-plane un/bend-
ing or twisting of the specimen is due to the test condi-
tions. The specimens were loaded by the displacement
controlled Instron 4206 tensile machine, with a crosshead
machine speed of 8 mm/min. The load mixity angles chose
are: ¥ = 90° (Pure Mode III), 67.59, 450 and 22.5°. Pure

mode I, y = 0°, testing conditions were not undertaken
since proper pure mode [ loading could not be established.
However, the Mode I datay = 0°, was obtained from De
Marco Muscat-Fenech and Ciappara (2013), since the
same material was used in both investigations.

4. Experimental Results and Discussion
4.1. Essential work of fracture, R

Graphs of load-displacement were plotted for all the
specimens obtained from data acquisition, with a sam-
pling rate every 0.25s. Fig. 6, shows the force-displace-
ment, X-u graphs, tests carried out at a loading mixity an-
gle of y = 67.5% and leg widths w = 12, 24, 36 and 48mm
for specimens having a thickness of 1mm. The graphs il-
lustrated in Fig. 6 being typical of the tests carried out in
this investigation.
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Fig. 5. Mode I/11I specimen testing: (a) specimen; (b) testing y = 90°.
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A, B, Cand D, are important points of interest for under-
standing the process during mixed-mode I/IIl testing,
which will be used to extract useful information. From the
origin O to point 4, work is done to un/bend and twist the
legs. Point A is the instant of visible tip deformation. Ini-
tially the magnification x50 of the camera was utilised to
ascertain the onset of this deformation and a trained ex-
perimental eye for this instant was required. Point A
marks the initial stage of the changes to occur ahead of the
flat fracture surface. On the line between point A and B,
the low toughness central region of the sheet material
burrows through the material ahead of the surface, the
crack tip is forming the characteristic triangular highly lo-
calised stretching region. During this time the crack tip
front is orientating to establish its natural direction, the
flat starter crack twists into the slant angle for the ensuing
crack propagation. Growth of the large crack tip zone is
not always complete before the crack starts to advance.

Point B marks the onset of crack propagation. Crack
detection strain gauges placed as close as possible to the
manufactured crack tip, but not in the triangular region
detected the onset of the ensuing crack advance, in addi-
tion to visual observation of the onset of propagation.

400
350

w
o
o

T =
Zn

Force per unit thickness (X/t),
(N/mm)
[y [\S]
(=] U1
[e=] [e=]
N\
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(a) width, w (mm)
€90 m675 A45 @225

From point B up to C the crack propagates at constant
load. This constant average force value is of particular
interest in calculating the essential work of fracture, R,
during stable crack propagation. Of noticeable interest is
the fact that, as the leg width, w increases the constant
force stable crack propagation magnitudes, first in-
creases, maximises and subsequently starts to drop in
value. This occurrence is very common and expected in
two legged trouser tear tests. After point C, the load
started to decrease, this results due to edge effects. The
crack front is experiencing sizing and edge effects as in
standard SIF test piece sizing problems. At point D, the
load increased as the crack reached the edge of the spec-
imen, when the specimen separated.

Applying Egs. (12) or (13), the force per unit thick-
ness, (X/t) for the varying widths, w for the different
thickness, tand loading mixity angles y, are plotted. First
considering the values at the point, 4, initiation of visible
tip deformation; then for the constant crack propagation
force values between the points B and C when stable and
established crack propagation is occurring. The plots are
shown in Figs. 7 and 8 respectively for both sheet thick-
ness, t=0.6 mm and 1.0 mm.
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Fig. 7. Graphs of (load/thickness), (X/t), against width, w, at initiation point 4, loading angles
Yy =90°,67.5%,45%nd 22.5°. 5% error bars shown. Specimen sheet thickness: (a) ¢t = 0.6 mm; (b) ¢ = 1.0 mm.
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Fig. 8. Graphs of (load/thickness), (X/t), versus width, w, during crack propagation (B to C), loading angles
¥y =909, 67.59, 450 and 22.5°. 5% error bars shown. Specimen thickness: (a) t = 0.6 mm; (b) t = 1.0 mm.
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From the plots of (X/t) versus w, as first observed by
Muscat-Fenech (1992, 1994a) that such curves do not
exhibit a linear behaviour as original intended by Mai
and Cotterell (1984). Muscat-Fenech etal. (1992, 1994a)
showed how the curvature of the leg p increases as the
width w (and also the thickness, t) of the leg increases,
the curvature is attributed to the varying amounts of the
elastic and plastic work occurring during the process, i.e.
the competition between the work of fracture Wy the
work of un/bending Wp and work of twisting Wr. In nar-
row leg widths of material of the same thickness, ¢, the
work of fracture has the dominant effect of the system,
whilst as the leg width increases, the work contributions
to un/bending and twisting start to equal and then sur-
pass the work of fracture. Consequently, also as the sheet
thickness increases, the elastic work/energy plays a ma-
jor role in the process which is readily noticeable when
comparing the same material of various thicknesses,
Figs. 7 and 8. The resulting curves are locus lines of the
constant magnitudes of the essential work of fracture, R.
The intercept on the (X/t) axis according to theory (Eq.
(13) gives a value of (R/2)).

The values of essential work of fracture for crack in-
itiation and propagation obtained from Figs. 7 and 8
are given for comparison in Table 2. As expected the
variation of values of the essential work of fracture
have occurred with the difference in material thick-
ness. A common occurrence and is expected in ductile
materials, as in the case that the stress intensity factor
varies with thickness. R and K are closely related since
the energy and crack tip methods both describe the
same process.

4.2. Mixed mode components Rrand R

The procedure developed, taking into account the
geometrical and testing conditions for the mode I/1II
investigated here, allows the total essential work of
fracture under mixed mode loading I/III to be split into
its individual pure mode components R; and R for the
various mixity angles, y using Egs. (22) and (23). The
combined essential work of fracture and individual val-
ues at each mixity angle are given in Table 3 and plotted
in Fig. 9.

Table 2. The essential work of fracture, R at initiation and crack initiation
(Figs. 7 and 8 respectively, using Eq. (13)) for different loading angles and sheet thickness.

Rinitiation (N/mm)

Rerack propagation [N/mm)

y (deg) t=0.6 mm t=1mm t=0.6 mm t=1mm
90.0 112 220 408 972
67.5 180 278 486 1036
45.0 201 310 594 1094
22.5 242 364 678 1137

Table 3. Essential work of fracture Ryirand components R;and Rur.

y (deg) 90 (mode III) 67.5 45 22.5 0 (mode I)
t=0.6 mm

Ry (N/mm) 408 486 594 678 363

Ri (N/mm) 0 20 119 402 363

Rur (N/mm) 408 466 475 276 0

t=1mm

Ry (N/mm) 972 1036 1094 1137 364

Ri (N/mm) 0 43 219 674 364

Rur(N/mm) 972 993 875 463 0

4.3. Validation of Hill's theory. Relation to the
work/energy method and crack propagation

direction

The findings below are to serve the following pur-

poses. To investigate:

1. the validity of Hill’s (1953) theory together with the
relationship of the work/energy approach,
2. to compare the work/energy approach with the crack

tip stress approach

3. the crack angles and direction

1. Validity of Hill’s theory and energy approach: Using
Hill’s theory and the work energy method, the variation
in the ratios R;/R,;; and therefore K;/K};; can be investi-
gated according to the loading/mixity angle y, using Eq.
(23), tabulated in Table 4 and plotted in Fig. 10.
2. Crack tip stress approach: Using the crack tip stress
approach for values of the ratio and t/0, the K, /K};; and
R,;/R;; values can be plotted, applying Egs. (9) and (24),
Fig. 11.

Using the experimental values of the DX51D steel
sheet tested under pure mode I and mode I1], the average
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ratio values of R;/R,; and the corresponding values
K,/K;;; are calculated. For the mode I/III theory based
on the K,;/K;;; value, the angles a*,a** and t/0 can be
evaluated, Table 5. For this low carbon steel material,

800

700

.........

VAN
/
/ ..

g

600

500

400

300

200

S

Essential work of fracture (N/mm)

100

67,5

0

0,0 22,5 45,0

Mixity angle, y (°)

90,0

DX51D, as investigated here, for the experimentally eval-
uated R, /R, ratio, the strength ratios predicted by the
theory lie between 0.7 < t/0 < 0.77 ; the t/0 value
range found is an acceptable for steel sheet.
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Fig. 9. Graphs of Ri/m, Rrand Rur versus the loading/mixity angle y: (a) t = 0.6 mm; (b) t = 1.0 mm.

Table 4. R,/R;;; and K,/ K, ratios for the variation in the loading/mixity angle y.

y (deg) 90 (mode III) 67.5 45 22.5 0 (mode I)
R,/Ry, 0 0.04 0.25 1.46 ©
K, /K, 0 0.2 0.5 1.2 ©

9
~ 8
£
~ 7 \
£ 6 \
s \

) \
£ 3 S
~ N
E 2 N\ ~ A

| 1 ==
0 | — s s e e
0 10 20 30 40 50 60 70 80 90

Mixity angle, y (°)

Fig. 10. Variation in ratios R,/R;;; and K;/K,;; with the loading/mixity angle .

3a. Crack slant angles: The crack tip stress theory pre-
dicts, applying Egs. (3), (6) and (9), the angles a* and
a** for the various 7/0 values. The relationship K? = ER,
links the loading/mixity angle y ((Eq- (23)) to the angles
a* and a**. These theoretical relationships between all
these variables and the experimental slant angle « (Ta-
ble 6) are shown in Figs. 12 and 13, respectively. The
experimental slant angle data clearly show very close
proximity to the a** shear failure curve. Fig. 14 shows

the final link between the energy/work method to the
crack tip stress approach, (applying together Hill’s the-
ory, the energy/work method and mode I/IIl theory
presented here). Using the von-Mises, 7./0,.=0.577 ten-
sile to shear failure transition line, Fig. 14 shows that for
the material tested the transition from tensile-to-shear
failure occurs at: loading/mixity angle, y = 13.1°,
R;/Ry =462, K, /K,; = 2156, a* = -2147, a** =
23.50.
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Table 5. DX51D sheet experimental/mode I /11l theory evaluation.

Thickness t (mm) 0.6 1.0
Ri (N/mm) 363 364
Rir (N/mm) 408 972
Ry /Ry 0.89 0.37
K /Ky 0.94 0.61
a* (deg) 32.4 36.5
a™* (deg) 12.6 8.4
t/o 0.70 0.77
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Fig. 12. Variation of a* and a** with /0, A experimental showing the standard error.

3b. Crack path direction: Every specimen, for each leg
width w, thickness t and mixity angle y, the value of the
experimental direction angle of the crack path 8 were
obtained by measurement. The experimental direction
angle of the crack path 6, for such tests is expected and
also predicted by theory to be 0c. This crack path direc-
tion is also noted by Muscat-Fenech (1992), Muscat-
Fenech and Atkins (1994a), who show that the direction
of the crack path is simply a function of the relative

widths of the leg widths w and any deviation is soley de-
pendant on the relative leg widths. For equal widths the
crack path is down the centre line. With slight variations
of differences in the leg widths, the crack path diverges
from the centre line kinking into the narrower width ma-
terial section. During the experimental work the crack
path deviation from the centre line was noted to be very
minimal, only up to maximum angles of 3°, within exper-
imental error.
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For the test specimen, using this set-up of mode /11l
fracture, for the experimental variation of y, 22.5° <
¥ < 90°, theory predicts that failure is by shear. To
check the validity of this statement for each mode mixity
angle y the average experimental a** (for shear failure)
are evaluated and compared with the experimentally
measured angles as given in Table 6 (the values of «a rep-
resent the average values of the varying leg widths and

material thickness). The angles measured for both sheet
thickness showed very similar results, the only slightly
noticeable differences are that in some of the 1.0mm
sheet, shear lips with a central slant were only slightly
visible. The phenomena associated with ductile fracture
surfaces when plane strain is characteristic of the inte-
rior material, where the adjacent material prevents lat-
eral contraction and at the surface plane stress prevails.

Table 6. Crack plane slant angle, a for the various loading mixity, y.

mode mixity y (deg) a exp (deg) a™ theo (deg) a” theo (deg)
90 (mode III) 2 0.00 -45.00
67.5 8 2.95 -42.04
45 10 7.02 -37.98
22.5 12 15.56 -29.44
0 (mode I) N/A 45.00 0.00
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The results presented here have conclusively shown
that Hill’s theory is valid, the comparison and use of the
work/energy approach with the crack tip stress ap-
proach can be combined and utilised and the fracture
mechanism (tensile or shear) can be predicted together
with the numerical values of the slant crack angle.

5. Conclusions

The investigation clearly shows a link between the ap-
plication of the two well-known methods of crack tip
stresses and the energy based equations governing crack
initiation and propagation in the mixed mode I/I1I fields.
The Maximum Hoop stress Criterion (MHSC) and the
Maximum Normal Stress Criterion (MNSC), together
with the Tresca and Von-Mises failure theories have suc-
cessfully been applied to determine the fracture type
when the specimens are subjected to a mode I/III field
loading. The two leg trouser test specimen which is suc-
cessful in pure mode I1I applications using the energy ap-
proach was further extended to determine the mixed
mode I/IIl essential work of fracture by varying the
mode mixity angle from 0° (pure mode I) to 90° (pure
mode III). Together with Hill’s criterion for ductile frac-
ture the ratio of the essential work of fracture under both
modes, consequentially the stress intensity factors and
direction of relative motion was predicted according to
the mode mixity angle. The energy approach using a lo-
cus of constant essential work of fracture for each mixity
angle was found and the same expected trend of falling
force per unit thickness as the leg width increased was
shown. The total mode mixity essential work was suc-
cessfully portioned to each % contribution to both
modes, R; and Ry, as the mixity angle was varied. The
R,/R;; and K, /K;;; using both the energy and the crack
tip stress approaches showed good agreement. For the
DX51D sheet material, 0.7 < 7./0, < 0.8 show that the
crack tip stress theory predicts crack angles in good
agreement with experiment. Using the Von-Mises failure
criterion, the transition from tensile to shear fracture oc-
curs when the mode mixity angle is small, 13.1°and slant
angle, i.e. the “rooftop” is 23.5° with K, /K;;; < 2.156 for
all results.
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1. Introduction

Phenomenon of a transient resonance occurs in vibra-
tory systems subjected to quasi-harmonic excitations of
a continuously variable frequency, containing the natu-
ral frequency range of the system. Technical systems, in
which this effect occurs, are - among others - vibro-
insulation systems of unbalanced rotor machines, unbal-
anced elastic rotors operating above critical frequencies,
over-resonance vibratory machines such as screens,

(O]

(a) (b)
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conveyers, foundry vibrating grids, vibrating tables for
compacting and forming concrete elements, vibratory
mills, etc.

The most often met technical systems, in which the
transient resonance effect occurs during the start and
coasting, can be generally reduced to the schemes shown
in Fig. 1.

Due to the practical importance of the problem, it was
the subject of several theoretical studies. The works
were performed in various directions.
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Fig. 1. Examples of technical systems, in which the transient resonance effect occurs:
a) Vibroinsulation system of an unbalanced rotor machine; b) Two-vibrator over-resonance vibratory machine.
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2. Models with the Given Time-History of the
Exciting Force

The first solutions were obtained for the system
shown in Fig. 2(a), for which the calculation model pre-
sented in Fig. 2(b), was assumed in papers (Lewis, 1932;
Kac, 1947; Markert and Seidler, 2001) and many others,
(e.g. Dorning, 1959; Ferlund, 1963; Fearn and Milsaps,
1967; Hirano, 1968; Leul 1994; Cieplok, 2009a; 2009b).

m,e

@ M- 0 kY ) MP(U g
X
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7
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Fig. 2. Model of the vibroinsulation system of an un-
balanced rotor machine of a linear vibration trajectory:
a) Structural diagram; b) Calculation model.

Classic solutions of this problem and the majority of
further attempts, were based on the simplified version of
Eg. (1) of motion, assuming a priori the knowledge of the
rotor angular velocity and its linear-variable over time
form: @(t) = wqy + et:

+2
mcjc'+b5c+kx=Psin(¢)0 +w0ti%), (1D

where &= const (+ for start-up, - for coasting).

In classic solutions described by Eq. (1) the compo-
nent of the exciting force related to the rotor angular ac-
celeration € was neglected, since in the resonance zone it
is usually much smaller than the centrifugal force.

In the first, historically speaking, solution of the tran-
sient resonance problem (Lewis, 1932), the independ-
ence of an excitation force P amplitude of a rotor angular
velocity was assumed. The dependence of an excitation
force amplitude on a rotor angular velocity square
P=mew?, being much closer to the reality, was introduced
some years later by (Kac, 1947). In order to obtain the
solution the impulse transfer function method was usu-
ally used, followed by numerical calculations of certain
integrals.

Later formulations were rather similar (except for the
paper of (Markert and Seidler, 2001), who wrote the
transient resonance equation in a way allowing a slightly
more general description of the excitation, e.g. taking
into account the tangential component of an excitation
force) and in a similar fashion, as the previous solutions,
led to solutions in which the main component was:

Amax ~ Cwp/Ve. (2)

Solutions obtained by the analysis of the model shown
in Fig. 2(b) were used for constructing nomograms (Har-
ris, 1957), universally applied at present, for determina-
tions of maximum amplitudes in the transient reso-
nance.

The fundamental fault of all these elaborations is the
fact, that the angular acceleration ¢ in the circum-reso-
nant zone is unknown for the real systems. It cannot be
determined on the basis of known driving and anti-
torque moments of the rotor, since - in reality - the sys-
tem being modelled (Fig. 2(a)) has two degrees of free-
dom and is described by the system of equations of mo-
tion:

m.¥% + bx + kx = ¢p*mesing — ymecos @, (3a)
Jor =M, — M,,, (3b)
M,, = —ime cos . (3¢)

Component My (Eq. 3c), called “the vibratory mo-
ment” (Blechman, 1971), appearing in the rotor equa-
tion of angular motion (Eq. 3b) and originated from the
rotor axis vibrations (increasing in the resonance) has a
decisive influence on this acceleration value. This com-
ponent acts in principle as a strong braking torque and
causes, that the real value of the angular acceleration at
coasting is much higher than it would result from the re-
sistance to motion alone (Fig. 3).

Thus the amplitude values, determined on the basis of
nomograms (Harris, 1957), which were prepared on the
grounds of the solution of Eq. (1), are several times too
large for the coasting (Michalczyk, 1995) due to essential
errors in ¢ evaluation.

3. Models Taking Into Account an Influence of
Machine Vibrations on an Unbalanced Rotor
Running

Some of the works taking into account the influence of
the vibratory moment are based on the system energy
balance directly before the resonance and in the moment
when maximum vibrations occur, obtaining estimations
“from the top” of the maximum amplitudes. Thus, e.g. in
paper (Michalczyk, 1993), the kinetic energy of the set of
vibrators in the moment of entering the resonance zone
of the ith form of vibrations was equated to the machine vi-
bration energy, performing movement in accordance with
this form of vibrations, at the assumption that the main vi-
brations occur in a plane motion along one coordinate.

This problem will be now formulated in a more gen-
eral way than in the quoted paper, by allowing the reso-
nance vibrations corresponding to the arbitrary form of
natural vibrations in the general motion of the linearised
system surrounding the balance point.

The energy balance for the ith resonance of the ma-
chine with n drives will be written as:

1 2 _ 1 . T N
n'g]zrwoi _Eqmaxi'M'qmaxit (4)
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Fig. 3. Influence of the vibratory moment on the rotor angular velocity w during the vibrator free coasting (M.<0):
a) Coasting without taking into account the vibratory moment;
b) Coasting with taking into account the vibratory moment M.

where ax; is angular velocity, at which the energy ex-
change occurs (usually not much different from the ith
natural frequency of the machine body on the elastic sus-
pension system), q = col{xc, y¢, zc, @x, @, @z} - coordinates
vector in the central coordinate system, describing small
body vibrations versus the static balance point, /.- - re-
duced moment of inertia of the vibrator and drive, J; -
elements of the tensor of inertia - correspondingly - in
the central system Cxyz, m, = m; +n-m,

[me 0 0 0 0 0 ]

| m. o 0 0 0]

N m. 0 0 0 |
M= | ]xx _]xy _]xz I (5)

|l sym. Jyy _]ZZJI

Maximum values of the generalised velocities Q.
for harmonic vibrations of avifrequency, are related to
the maximum amplitude values of the displacement vec-
tor by the dependence: Qa5 = Wo; * Amaxi» Which leads
to the Eq. (6):

1 2 1 2 T
n- E]zrwoi - Zwoi "Qmaxi - M- Qmaxi (6]
or, after the reduction:

n g =qunaxi'M'qmaxi- (6a)
Let the vibrating motion of the machine body placed

on the elastic suspension system be described by the

equation of small natural undamped vibrations:

M-G+K-q=0, (7)

where K is symmetric elasticity matrix.

For the basic - in applications - case of the machine
placed on a system j=1,..,v of parallel, identical elastic el-
ements of constants:

- inavertical direction, k,

- in horizontal directions, kx, ky = ky

and coordinates x; y; z; of points - where the elastic ele-
ments were mounted to the body in the static equilib-
rium of the machine - it is easy to prove the following:

_ka 0 0 0 kxyZZ]- _kxyxyj 1
g vky, 0 —kxy27; 0 Key22
VKyy k,Zy; —k,2x; 0
K= 2 2 —k,Zx;y; —ky, Zxiz; | (8)
k,2x; + kyy Xz zeXj Vi xy = rjej
sym. k,Zx? + kyy 2z} —kxy2y;2;
I kyy(Zx? + Zy?)]

For the harmonic form of solutions q = gmax (sin wt+7)

it leads to the matrix frequency equation:

[K— w?M] =0,

9

which allows to determine the set of natural frequencies

woi, i=1...6 and modal vectors:

W, (w;) = col{y1;, Y21, W30 Yai Vs, i} -

(10)

Let it be assumed for the moment, that these frequen-
cies are different and satisfactorily distant. This allows
to present the amplitude vector for vibration of the ith
frequency and form, as:

2% Yy

6i
Umaxi = COI{ " Qmaxki» " Gmax kir» Amaxki»» " @max ki}
ki Y Y

= Umax ki COI{@ Pai 1 w_ei_};

Wi Y 7 Y (11)
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where (max ki means the maximum amplitude of the ar-
bitrarily selected coordinate g« (to represent vibrations
of the ith form, at the assumption: wx # 0). Denoting:

Vi Yai, Yeil _
col {ll)ki'll)ki "1"¢ki} At (12)
and substituting to Eq. (11) and Eq. (6a) the final formula
for the maximum amplitude of the kth coordinate during
the system passage through the resonance with the ith

frequency of natural vibrations will be obtained:

n']zr
T
a,;"M-ay;

Amax ki = (13)

This formula constitutes an over-estimation (usually
close to the real values) of the maximum amplitude of
the selected kth coordinate in the ith resonance, provided
that the vibrator excitation force performs work at vi-
brations of the investigated form. This requirement is
equivalent to the demand of not zeroing the respective
modal force. Not satisfying this condition as a rule means
that the passage through the resonance zone will be
without the excitation of more intensive machine vibra-
tions. Deviations from this rule can occur in two-vibrator
system acting due to the self-synchronization principle,
see (Michalczyk and Czubak, 2010).

In the case when in the spectrum of the system natu-
ral frequencies multiple frequencies occur, this proce-
dure is usually not possible in respect of those frequen-
cies, due to the ambiguity of the vibration form. An ex-
ception constitute symmetric systems for which forms of
vibration are known, e.g. from the physical analysis of
the problem (as for the machines shown in Fig. 4). An ex-
ample of using this method in relation to real machines
was shown in (Michalczyk, 2012a) with respect to
lumped parameter systems and in (Michalczyk, 2012b)
for distributed-parameter systems.

The energy balance was also applied in paper (Agran-
owskaja and Blechman, 1969), however, the vibrator ki-
netic energy was not equated to the body kinetic energy,
but to the maximum potential energy of the suspension
system. The difficulty of this energy method constitutes
the necessity of estimation the vibrator angular velocity,
at which the energy exchange occurs, while this velocity
does not comply directly with the system natural vibra-
tions frequency (Lewis, 1932) and the method does not
provide the way of its determination.

4. Nomogram Method

The phenomenological model of a vibratory machine
illustrated schematically in Fig. 4 is considered. A ma-
chine body, having a mass M is suspended in a flexible
viscous system described by concentrated constants k
and b. The system is excited to vibrations by the inertia
vibrator characterized by the static unbalance me value.
The vibrator moment of inertia combined with the driv-
ing system moment of inertia is reduced to the coordi-
nate of the vibrator rotation and denoted by J.~ The vi-
brator is exposed to the driving moment action Me.

me, J,.

[
-

ALY

112k ; @ b r

Fig. 4. Vibratory machine model.

Taking into consideration three degrees of freedom
(x5 ys @) the machine equations of motion can be shown
in the form of Egs. (14) (15) and (16).

e R A B A U R A

Pl [ mesing].  [mecosey .,
[Py]_[—mesimp](p mesimp]‘l" (15)

Jor — me(Esing — i cos ) = My . (16)

Upon transformation to the rotating with the angular
velocity of the vibrator system 0¢n (Fig. 5), these equa-
tions can take the form of Eq. (17):

m, 0 mgn 0 0] Vel
0 m, mé+me 0 0] 4 | Vn |
0 me mei+j, 0 ol-lel=
0 0 0 1 0] 'lf Jl
L0 0 0 o 11 &7
[2m wv, — bv; — (k — w?*m)E + bwn + mew?]
—2m,wvg — bv, — (k — w*m)n — bvw? i
—2mevgw + menw? + M, . (A7)
Vf J
Vn
where:
m.=M+m. (18)

This transformation enables also to create a definition
of relative units and parameters for the machine. Hence
substituting by the following:

£ n 13) mZe?
{=—, nN=—, w=—,0= )
- Ay — Ay wo Mmelzr
Mg 1 b w me
=Ml L oT=2¢,4,="2 (19
Jzr w§ 2mck 2 me

The matrix Eq. (17) may be expressed in the following
form:
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- 1
a2z L | v
0 4n? —(1+f) 0 0 Idlz)“l
g —_ =
0w —(E+1) 0 0|dfg
0 0 0 1
_0 0 0 a
w?—(1- 2){——vf+%g +2yg§]|
—(1— Z)n——v +%ny+2yw§ I
—%yfg+ozw2+q |
(% J
Yy

(20)

Due to an application of relative parameters the set of
six physical parameters mc, me, Jzr, Mey, k, b - needed to
determinate the machine dynamics in the natural coor-
dinate system - was reduced to three parameters o, ¥, q.
Based on the system above (Eq. (20)), it is possible to de-
velop the nomogram (Fig. 6) that enables to determine
the amplitude multiplication factor a for the coast-down
phase based on values of parameters o, y. For the free
coasting the parameter q is assumed to be zero.

In the case when during a coast-down phase external
moments of friction play an important role, it is possible
to use the contour map presented in Fig. 7. The map was
prepared for parameter y=0.01, which can represent
suspensions built of steel material properties. The fric-
tion is expressed by the relative parameter q.

The data map can be approximated by the function of
the following form:

a=(a,—azlno)e ™9 +q,. (21)
g where:
for for
0 €(0.0003,0.03) 0 €(0.0003,0.03)
q € (0.001,0.049) q € (0.05,1.2)
al = 4’9.51 al e 6.75
az = _9.51 az e 2.57
Fig. 5. Position of the machine body mass centre as = 2.68 as = 031
in the stationary coordinate systems 0xy
and rotating system 0&7. a, =442 a, =133 (22)
20 1\ H I ! ! T T O 0'1
AN P P 1=0.
N ; L =0.02
18 N : o y=0.03 —— -
LN i P v=0.04
N i P v=0.05
16 + N ot v=0.06 7
AN P Y=8-gg
» Y=
14 + ] i P ¥=0.09 i
. | P 7_8 1(1)
~. f . P v=0.1
12 | ~ | : f o —
3 | \‘“‘\i\
: T~ ~i |
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Fig. 6. Machine body vibration amplitude multiplication factor a =

A
Zof resonanse £y the coast-down phase.
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Fig. 7. Amplitude multiplication factor a taking into account friction during the coast-down phase.

5. Conclusions

The problem of the determination of the maximum
amplitudes in the transient resonance during the free
coasting of vibratory machines and vibroinsulating sys-
tems of rotor machines was analysed in the study. It was
proved that the classic methods, based on the assump-
tion that the time-history of the unbalanced rotor motion
is known, lead to serious errors.

The reason of these errors constitutes a strong influ-
ence of the machine body vibrations on the rotor run-
ning in the resonance zone. Two methods of assessments
the maximum amplitudes, in this case, were formulated:
e Method of the kinetic energy balance in the system,

e Nomogram method.

The first method has a wider range of applications en-
compassing general motions of elastically supported
bodies and vibrations of continuous systems, while the
second one is characterised by a higher accuracy and a
possibility of taking into account the dissipation in the
system as well as driving and anti-torque moments how-
ever, its application is limited to translatory motion of
machine bodies.
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In this study, an eight story seismically isolated building representing a mid-rise type
building was employed to investigate the effect of usage of different concrete classes
(€20, C25, C30, C40, and C50) on the seismic response of a seismically isolated build-
ing. The prototype fixed base buildings were converted to seismically isolated build-
ings by introducing rubber isolators at base level. Analyses were conducted by using
two different isolation systems (QW5Tb3 and QW10Tb3).The modelling of conven-
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cally isolated buildings and nonlinear time-history analyses were conducted using
3D-BASIS program. Floor accelerations, Story shears and inter-story drift ratios were
the key structural responses considered. The analysis results showed concrete
strength have significant effects on the seismic behaviour of the structures. Seismi-
cally isolated buildings with isolation system having 5% characteristic strength, C40
and C50 concrete buildings showed less first floor accelerations as compared to the
lower concrete class buildings. In addition, isolated buildings with C40 and C50
concrete showed much more inter-story drift ratio values at each floor level as
compared to isolated buildings with C20, C25 and C30 concrete which showed values
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1. Introduction

Reinforced concrete structures make up most of the
existing structure stock in the world because of their
high rigidity, long service life and high resistance to
earthquake damage. Analysis of these structures for dif-
ferent levels of earthquake intensity and for determina-
tion of damage levels is a matter of high priority in earth-
quake prone areas (Erdem, 2016). Many studies have
been conducted on the dynamic behaviour and seismic
vulnerability of reinforced concrete structures
(Verderame et al., 2010; Rojman and Fajfar, 2009; Gol-
ghate et al., 2013; Perus etal., 2013).

One of the important factor that affects evaluation of
the seismic performance of existing building is the con-
crete compressive strength (Pereira and Romao, 2016a;
2016b). In the literature review, a number of research

studies have been performed for investigating the influ-
ence of concrete strength on the structural performance.
Arecentwork by Coskan et al. (2015) demonstrated per-
formance limits, structural stiffness, deformation quan-
tities, ultimate bearing capacity and plastic hinge pro-
cessed are strongly affected by the concrete strength. In
another study, Bayraktar etal. (2014) investigated 90 re-
inforced concrete buildings that were collapsed during
2011 Van Earthquake to determine the overall structural
performance of the building. It was found that 47 % of
the buildings have an average compressive strength be-
tween 8 and 12 MPa, 26% of the buildings have an aver-
age compressive strengths between 4 and 8 MPa, and 20
% of the buildings have average compressive strengths
between 12 and 16 MPa. In parallel, Erberik (2008) and
Kocak (2005) have made similar observations on the in-
fluence of concrete strength quality on the earthquake
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performance after Duzce Earthquake (1999) and Mar-
mara Earthquake (1999), respectively. The results
showed that the poor compressive strength adversely af-
fected the overall structural behaviour.

Reinforced concrete structures in many civil engi-
neering applications can often be subjected to short du-
ration dynamic loadings generated from earthquakes.
Under such circumstance, it is obvious that structures
with high ductility is much more desirable. It has been
observed from previous research (Hwang and Hsu,
2000; Madden et al., 2002; Pant and Wijeyewickrema,
2012) that ideally, base-isolation is an effective tech-
nique to improve the seismic performance of buildings.
Although base isolation decreases the possibility of dam-
age (less inter-story drifts, shear forces and floor accel-
erations) of a building, it causes to large displacements
in the structure relative to the ground. This, in turn, in-
creases the potential of impact or pounding of a building
with adjacent structures (Pant and Wijeyewickrema,
2012).

A review of the literature indicates that in contrast to
seismic behaviour of seismically isolated reinforced con-
crete buildings, no study has been conducted so far to in-
vestigate the effect of usage of different concrete classes
on the seismic response of a seismically isolated build-
ing. In this study, an eight story seismically isolated
building representing a mid-rise type building was em-
ployed to investigate the effect of usage of different con-
crete classes (C20, C25, C30, C40, and C50) on the seis-
mic response of a seismically isolated building. Analyses
were conducted by using two different isolation systems
(QW5Tb3 and QW10Tb3). Floor accelerations, story
shears and inter-story drift ratios were the key struc-
tural responses considered.

2. Methodology

In this study, an eight story seismically isolated build-
ing representing a mid-rise type building was employed
to investigate the effect of usage of different concrete
classes on the seismic response of a seismically isolated
building. The prototype building makes use of a moment
resisting frame structural system. The building was sym-
metric in plan with dimensions of 25m x 25m and con-
sists of 5 bays in both X and Y principal directions. The
typical story height was 3m. It was assumed that the
building importance factor was 1, and that the soil type
according to UBC 97 was Class C. Regarding loading on
the buildings, story masses were usually used which are
lumped at centre of gravity (at master joint). A transla-
tional mass of 500 kNsz/m was assumed to be lumped at
the centre of mass of each floor. Typical floor plan and
3D view of the building in question are shown in Figs. 1
and 2, respectively. X-sectional dimensions of column
and beam elements of the building changes with the con-
crete class used. Figure of frame sections of 8 story build-
ing using C20 concrete is shown Fig. 3. There was not a
drastic or considerable variation of sizes as concrete
compressive strength increases. For example, the size of
square columns with C50 concrete was 52 cm while with
C20 it was 60 cm. In proportioning of the load bearing
structural elements i.e. beams and columns according to
concrete class employed, important points of the build-
ing codes like strong column - weak beam concept and
shear capacity at beam-column connection region were
taken into account. The prototype fixed base buildings
were converted to seismically isolated buildings by in-
troducing rubber isolators at base level (also called base
isolation).

i ig L L ig i

= i L & i B

L i i B i |
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Fig. 1. Typical floor plan of prototype 8 story building.
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Fig. 2. 3D view of prototype 8 story building.
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Fig. 3. Details of the frame section of the building with C20.

The modelling of conventional fixed base prototype
seismically isolated buildings and their modal analyses
were conducted on finite-element program SAP2000,
whereas, modelling of seismically isolated buildings and
nonlinear time-history analyses were conducted using
3D-BASIS program which has been particularly devel-
oped, by Nagarajaiah et al. (1991), for nonlinear dynamic
analysis of three dimensional base isolated structures.
The fundamental/first mode periods of 8 story fixed
base buildings with different concrete classes were ob-
tained through modal analyses and are presented in Ta-
ble 1. As compressive strength increased modulus of
elasticity increased but size of frame section (especially
columns) decreased resulting in less moment of inertia.

The increase in elasticity modulus was not so signifi-
cant as compared to the decrease in section sizes re-
sulting in decrease in stiffness and in turn resulting in
increase in period. In addition to, the values of spectral
acceleration (SA) was small (in the range of 0.01 -0.02 g)
as the period of the buildings was about 3 s. A ground
motion record from 1994 Northridge earthquake was
used for nonlinear time-history analyses and was taken
from NGA database which is an updated version of
PEER’s strong ground motion database. Analyses were
done by using bidirectional earthquake input with
strong component of earthquake along one main axis
(X-axis) and weak component of earthquake along
other orthogonal main axis (Y-axis) of the buildings.
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The acceleration time history and spectrum record for
acceleration used in the analysis are shown in Fig. 4. It
should not be forgotten that the spectrum shows the re-

sponses of a single degree freedom system. As the build-
ing was a multi degree of freedom system, the response
will vary.

Table 1. Fundamental/First mode period of prototype fixed base building.

Concrete Class Period (s) SA (g)
C20 0.521 0.33
C25 0.573 0.29
C30 0.638 0.24
C40 0.729 0.19
C50 0.843 0.13

[

(=3
o

Acceleration [g]
o
BSS =1

=
™

o
o

Time [sec)

Response Acceleration [g]

= Damp. 5.0%

2
Period [sec]

Fig. 4. Acceleration time history and spectral acceleration used.

A translational mass of 500 kNsz/m was assumed to
be lumped at the centre of mass of each floor. Each floor
had 3 degrees of freedom i.e. 2 translations and 1 rota-
tion. Rigid diaphragm was introduced at each floor level
to distribute the lateral forces to structural elements of
the frame. Analyses were realized by using two different
isolation systems (QW5Tb3 and QW10Tb3). Here, in
QWS5Tb3 isolation system QW5 indicates characteristic
strength of isolation system normalized with weight of
the building (W) to be 5% and Tb3 indicates isolation pe-
riod to be 3 seconds. It is worth-mentioning that charac-
teristic strength of the isolation system is a measure of
level of damping in the isolation system. The parameters
concerning isolation systems were summarized in Ta-
ble 2. To calculate parameters for each isolator, Q (char-
acteristic strength), K1 (pre-yield stiffness), K2 (post-

yield stiffness), and Fy (Yield force) should be divided by
total number of isolators used in the isolation system. In
Table 2, a is post-yield to pre-yield stiffness ratio and Dy
is yield displacement of isolation system. A constant
value of 0.015 m was adopted for both the isolation sys-
tems.

3. Results and Discussion

As the seismically isolated buildings in this study are
subjected to bi-directional earthquake excitations, the
structural responses in both global X and Y direction
have been considered for performance comparison. It is
important to mention that the building models used in
this study are symmetrical so the results obtained would
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be same if the axes are reversed. Moreover, the displace-
ments at the isolation level or the base displacements ob-
tained from the analyses of all the building models with
similar isolation parameters are almost same so the

main focus of attention for this study is the superstruc-
ture responses. Floor accelerations, Story shears and in-
ter-story drift ratios are the key structural responses
considered.

Table 2. Parameters related to modelling of nonlinear isolation system.

Isolation System Tb (s) Q/W (%) Q (kN) K2 (kN/m)  KI(kN/m)  a(K2/K1) Dy (m) Fy (kN)
QWS5Tb3 3 5 2207.3 19739.209  166889.2 0.118 0.015 2503.34
QW10Tb3 3 10 4414.5 19739.209  314039.2 0.063 0.015 4710.59

3.1. Floor accelerations

Floor accelerations in global X-direction or X-axis of
the buildings, with characteristic strength level of 5%
for the isolation system, are shown in Fig. 5. It was evi-
dent that as it was moved from the base towards the top
floor, no particular increasing or decreasing trend (ei-
ther linear or nonlinear) was observed for any concrete
class. However, it was seen that variation in accelera-
tions become more pronounced as the increased com-
pressive strength of the concrete i.e. the building with
concrete class C20 showed less variation in accelerations

as it was moved from the base towards the top floor as
compared to the building with concrete class C50 which
showed significant changes in acceleration at each floor
level. The top floor acceleration was more or less same
in all the buildings. On the other hand, first floor accel-
erations with the buildings having C20, C25 and C30
concrete were almost same but the buildings employ-
ing C40 and C50 concrete class showed less first floor
accelerations as compared to the aforementioned
buildings. Moreover, in all cases top floor accelerations
were more than the first floor accelerations as ex-
pected.

Floor Acceleration in X-directionwith QW5

Floor
.

0,00 1,00 2,00

3,00
Accelerationm/s2

4,00

Fig. 5. Floor acceleration in X-direction with QW5.

Floor accelerations in global Y-direction with the isola-
tion system having characteristic strength of 5% are
shown in Fig. 6. In this case, buildings with concrete class
C25 and C30 showed more and less similar trend as it was
moved from first floor towards the top floor. However, all
the buildings i.e. with C20, C25, C30, C40, C50 showed
similar increasing acceleration trend in the upper floors.
Top floor accelerations in all cases were more than the 1st
floor accelerations with C40 and C50 showing more accel-
erations at the top floor as compared to others. C40 and
C50 buildings were indeed showing more acceleration at
every floor level. It was conjectured that the relatively
higher top floor accelerations of the building with C40 and
C50 could be attributable to the reduction in the number
of plastic hinges that were occurred in the columns.

As can be seen in Fig. 7, with the increase in charac-
teristic strength of the isolation system i.e. at 10% char-
acteristic strength or in other words with the increase in
damping of the isolation system, the variations in accel-
erations become much more prominent even for the
lower concrete classes i.e. C20, C25, C30 etc. The top
floor accelerations were not same either as shown in Fig.
4. As it was moved from 6th to 8th floor an increasing
trend of accelerations is observed for all the buildings.
Like seismically isolated buildings with isolation system
having 5% characteristic strength, C40 and C50 concrete
buildings showed less first floor accelerations as com-
pared to the lower concrete class buildings.
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Floor Acceleration in Y-direction with QW5
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Fig. 6. Floor acceleration in Y-direction with QW5.

Floor Acceleration in X-directionwith QW10
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Fig. 7. Floor acceleration in X-direction with QW10.

With the characteristic strength of the isolation system
of 10%, the floor acceleration pattern in Y-direction is pre-
sented in Fig. 8. A sharp increase in accelerations for up-
per floors i.e. 6th to 8th could be clearly seen in the figure.

For all the cases considered, in general the mid floor
levels were seen to be the most suitable for housing the
equipment or machinery sensitive to vibrations as these
floor levels experience less accelerations compared to
others. Upper floors have been found to be the least fa-
vourable choice for vibration sensitive equipments.

3.2. Story shears

Story shears in X and Y directions, for all the 8 story
buildings obtained with isolation system having 5% char-
acteristic strength, are presented in Figs. 9 and 10, respec-
tively. For all the buildings with different concrete classes
similar trend of (more or less linearly) decreasing shears
has been observed (as we move from base towards top
floor). Seismically isolated buildings with concrete C40
and C50, however, showed slight deviation from C20, C25,
and C30 in both directions. Moreover, base shear values
were almost same for all of the buildings in question.

With isolation system of characteristic strength 10%,
though shear values are higher, the trend of shear in X-

direction was approximately same as of 5% characteris-
tic strength with very small variation observed at lower
and mid floor levels (Fig. 11). At this strength level, base
shear values were also almost same for all the buildings
as evident in Fig. 7. However, if it was looked at the
shears in Y-direction there was a clear difference in
trend at upper floor levels as compared to X-direction
but the trend is same for all the buildings i.e. buildings
with concrete C20, C25, C30, C40, and C50 follow the
same trend (Fig. 12).

3.3. Inter-story drift ratios

At characteristic strength level of 5%, all the buildings
follow the same inter-story drift ratio trend in both X and
Y directions as can be seen in Figs. 13 and 14, respec-
tively. The inter-story drift ratios first increased then de-
creased which was again followed by an increase and a
decrease in values with the lowest value observed for the
top floor level (as we move from base towards top floor).
Although the trend was same for all the concrete build-
ings, the buildings with C40 and C50 concrete showed
slightly higher values at each floor level (building with
C50 in particular). In fact, a sharp increase of drift ratios
was seen at 2nd and 4th floor levels especially.
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Floor Acceleration in Y-direction with QW10
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Fig. 8. Floor acceleration in Y-direction with QW10.
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Fig. 10. Story shears in Y-direction with QW5.
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Shearin Y-direction with QW10
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Fig. 11. Story shears in Y-direction with QW10.
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Fig. 12. Story shears in Y-direction with QW10.
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Fig. 13. Inter-story drifts in X-direction with QWS5.
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Fig. 14. Inter-story drifts in Y-direction with QW5.

With the characteristic strength level of 10%, the overall
trend for all buildings remains the same as seen with 5%
characteristic strength level. But here isolated buildings
with C40 and C50 concrete showed much more inter-story
drift ratio values at each floor level as compared to isolated
buildings with C20, C25 and C30 concrete which showed

values very close to one another. A sharp increase in inter-
story drift ratios at 2nd and 4th floor levels for buildings
with C40 and C50 was clearly evident in Figs. 15 and 16.
This probably reflects the fact that there was more defor-
mation on local vertical members accompanied with de-
structive tensile strains during the dynamic loading,

Interstorey drift ratio in X-direction with QW10
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Fig. 15. Inter-story drifts in X-direction with QW10.
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4., Conclusions

Concrete strength have considerable effects on the
earthquake behaviour of the seismically isolated struc-
tures. Floor accelerations, story shears and inter-story
drift ratios were significantly affected by the concrete
strength class. In general for all the cases considered,
buildings with C50 concrete exceeds the maximum inter-
story drift ratio limit imposed by UBC at 2nd and 4th
floor (with R=1). In fact, buildings with C40 concrete also
exceeds the inter-story drift ratio limit in some cases. In-
ter-story drifts beyond a certain level may be dangerous
for the integrity of the building. For all the cases consid-
ered, in general the mid floor levels are seen to be the
most suitable for housing the equipment or machinery
sensitive to vibrations as these floor levels experience
less accelerations compared to others. Upper floors have
been found to be the least favourable choice for vibration
sensitive equipments. With isolation system of charac-
teristic strength 10%, there is a clear difference in trend
at upper floor levels for the shear values in Y-direction
as compared to X-direction but the trend is same for all
the buildings with concrete C20, C25, C30, C40, and C50
follow the same trend. In a future research study, effects
of concrete strength on the seismic response of seismi-
cally isolated RC buildings which has irregular geomet-
rical configurations should be investigated.
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ABSTRACT

ARTICLE INFO

The present work discusses a robust method developed for determination of mode I
stress intensity factor (Ki) of orthotropic laminates using a single strain gage and
based on a three parameter strain series representation ahead of the crack tip. Ap-
propriate radial location of the strain gage ahead of the crack tip is important in the
sense that strain gages placed either very near or very far from the crack tip might
lead to inaccuracies in the estimated SIFs due to 3D effects near the crack tip or inac-
curate strain field representation at farther distances. The theoretical formulation
has been presented for determination of angular location, orientation and the upper
bound on the radial location (rmax) for pasting the strain gage which could be subse-
quently used for accurate determination of K. Numerical simulations have been pre-
sented considering edge cracked [902/0]10s carbon-epoxy orthotropic laminates to
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illustrate the determination of rmax and K; of such laminates.

1. Introduction

Fracture mechanics analyses of composite materials
is essential due to the increasing use of these materials
in many engineering applications. The concepts of linear
elastic fracture mechanics (LEFM) of relevance to iso-
tropic materials have also been employed to composite
materials after incorporating suitable provision to take
care of the directional properties of such materials, the
pioneering works towards which was started off by Ir-
win (1962) and Wu (1963). The effective application of
LEFM in predicting and preventing fracture lies in the
availability of accurate values of SIF, which is n LEFM pa-
rameter that decides whether an existing crack in a com-
ponent grows or not. Experimental determination of
SIFs of cracked composite panels has raised substantial
interest not only in complex situations but also to vali-
date the numerical and analytical results. Among the ex-
perimental techniques, the simplest and least expensive
is the method of SIF determination using strain gages.

In case of isotropic materials, a single strain gage tech-
nique proposed by Dally and Sanford (1987) was the first
practical and feasible approach towards determination of

mode I SIF (Ki) of plane problems. The Dally and Sanford
technique or popularly the DS technique is based on a
three parameter representation of the strain field
around the crack tip and necessitates a single strain gage
oriented along a certain angle, ¢ and placed at a location
decided by the angle, 6 as shown in Fig. 1. The radial dis-
tance of the strain gage with respect to the crack tip also
plays a very crucial role in ensuring the accuracy of the
SIFs estimated using strain gages. Strain gages placed ei-
ther very near or very far from the crack tip might lead
to inaccuracies in the estimated SIFs due to 3D effects,
strain gradients near the crack tip or inaccurate strain
field representation at farther distances. This issue was
addressed for the first time by Sarangi and co-workers
for isotropic materials (2010). They proposed a method-
ology to estimate the optimal location of a strain gage in
association with the DS technique.

For orthotropic materials, only recently Chakraborty
etal. (2014) presented an extension of the DS technique
in entirety for determination of Ki. Suggestions for opti-
mal gage locations were also proposed employing a fi-
nite element based approach supported with proper
theoretical formulations. Using the same technique, an
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attempt has been made in the present work to determine (Ki) of [902/0]10s Carbon-epoxy laminates having an edge-
cracked configuration using numerical simulations. In addition, the influence of optimal gage locations on the accu-
racy of the estimated SIFs has also been studied using numerical analysis.

Electric Resistance
Strain gage

" \ <

=Y

Fig. 1. Location of a strain gage.

2. Theoretical Background

The single strain gage technique that has been developed for the determination of K; of orthotropic materials as an
extension of the DS technique is presented here. Furthermore, the theoretical framework for estimating the optimal
gage location has also been shown. For orthotropic materials, the normal strain component at a point P(r,0) along ¢
(refer Fig. 1) for plane stress conditions, taking into account a three parameter strain series representation can be
written as

2 2a \+sin’(—ag,(a + ) + azz)

.
% (Cose—lﬂ (Cos.zd)(_all(a +p5) + alZ))) (Sll’lg—ass sin¢ cos ¢ ( _aﬁ )) \i
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( S +sm2( allzl(a+[?) _I_a:j)))+(sm—a66sm¢>cos¢( — ))
)
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+4, }
|
J
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+Bo (1@ + B)? = (B = 0)?)(arcos’d + arsin’e)}, ()
where,
a, =1/E, , ay, = —v7/E, = v /Er , age =1/Gp , 2B% = %+ Z—ii , 2a? = %— Z—ii, (2)
and
tanf;, = (B +a)tanf , tanf,=(B —a)tanb ,
2 =12(cos?0 + (B + a)?sin?0) , 12 =1r2(cos?0 + (B — a)?sin?0). (3)

L and Trepresent the longitudinal and transverse direction of the laminate (Fig. 1) and E, vand G represent Young’s
modulus, Poisson’s ratio and shear modulus respectively. The specific values of ¢p and 6 for which the coefficients of
the terms containing A1 and Bo become zero are obtained as
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respectively. Therefore, Eq. (1) may be rewritten using these values of 6 and ¢ as
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where C is a constant for a given value of 6, ¢ and material properties. From standard definition, the mode I SIF, (Ki)

can be obtained from the coefficient Ao as

K, = V2mA,. (7)
Now, taking logarithm on both sides of Eq. (6) we get
In(e,r,1) = —2In(r) +1In(C"). (8)

Eq. (8) represents a straight line between In(e,,) and In(r) with a slope of -0.5 and an intercept of In(C"). The
straight line property remains up to a certain radial location from the crack tip (rmax) and deviates beyond that as
more than three parameters would be needed in Eq. (1) to estimate the ¢,/,+. It has been reported earlier by Shukla
et al. (1989) that for orthotropic materials 3D effects prevailed up to a radial distance equal the thickness of the plate
from the crack tip. Therefore, the minimum radial distance (rmin) for strain measurements on the free surface which
are under plane stress conditions should be greater than the thickness of the plate. As a consequence, the optimal
gage location for pasting a strain gage can be given as

Tmin (= thickness of plate, t) < r < 4y - 9)

Thus, by placing a single strain gage as shown in Fig. 1 oriented at an angle of ¢ at a radial distance r within rmax
from the crack tip along the gage line at an angle of 6, the measured strain ¢,/,/ can be used to obtain (Ki) using Egs.

(6) and (7).

3. Numerical Simulations

An edge cracked [902/0]10s carbon-epoxy laminate
with b=100 mm, a/b=0.4, h/b=2 and material properties
as E1= 67.77 GPa, Er=142.7 GPA, v1.1=0.01, G1.7=4.304 GPa
subjected to uniform tensile stress (6=100 MPa) is con-
sidered (Fig. 2(a)). Following the procedure described in
Section 2, the values of ¢ and 6 for which the coefficients
Bo and A1 become zero are found to be 849 and 610 re-
spectively. Fig. 2(b) shows the analysis domain with
boundary conditions used for the numerical analysis.

Finite element analysis is carried out using ANSYS 14
where, eight noded isoparametric elements (PLANE
183) have been used for finite element discretization of
the plate and quarter point elements (QPE) have been
used around the crack-tip to model the v/ singularity.

Fig. 3(a) shows the typical finite element mesh consid-
ered after proper convergence study. The mesh has been
designed such that the nodes of several elements are
made to lie along the gage line which starts at the crack
tip and terminates at the outer boundaries. According to
the present technique, a single strain gage is to be placed
at an appropriate location along the gage line and ori-
ented along ¢ within the estimated rmax for the configu-
ration in order to measure the linear strain ¢,,,,.

From the finite element results, the linear strain ¢,,,,
and radial distance (r) are computed for all the nodes
along the gage line. Fig. 3(b) gives the plot of In(e,, )
versus In(r) for all the nodal values along the gage line.
Crack tip point is not plotted as the radius of this point is
zero. It can be seen that the plot consists of a linear plot
followed by a non-linear one as predicted by the theory.
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The radial distance at which the plot changes from a lin-
ear to a non-linear one gives the value of rmax or the ex-
tent of the three parameter zone or the optimal radial lo-
cation for the particular configuration for pasting the
strain gage. A line of slope -0.5 is superposed on the plot
of In(e,,+) versus In(r) and considering this line to be

A***ﬂ

—

=

lt——— H ——»

v v i vy
(@)

the exact solution, absolute percentage relative error at
all values of radius of this plot is calculated. Finally, rmax
is estimated as the radius at which the error is less than
1% (as one goes from right to left in Fig. 3(b)). The rmax
for the configuration corresponding to the present prob-
lem is found to be 34 mm.
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Fig. 2. (a) Orthotropic edge-cracked laminate; (b) Analysis domain for FEA.
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\

No. of elements = 33012
No. of nodes = 100234

(a)
Fig. 3. (a) FE mesh of the laminate with a/b=0.5; (b) Plot of In(¢,,) vs. In(r) along the gage line.

The analytical value of mode I SIF of this configuration
which will act as reference solution as per Tada et al.
(2000) handbook is given by

K, =Y,(a/b)oVa, (10)

where o is the applied stress, a is the crack length and Y;
is the specimen geometric factor given by

Y, = 1.99 — 0.41(a/b)1.87(a/b)?

—38.48(a/b)? + 53.85(a/b)* . (11)

(b)

For this configuration with a/b of 0.5 and loaded at
0=100 MPa the reference value of K; is 52.8 MPayvm. Ra-
dial locations are selected within the optimal locations
and outside the simulated rmax (non-optimal locations) to
establish the importance of radial positioning of the
strain gage. Measured K using Egs. (6) and (7) from the
strain readings at the selected radial locations are shown
in Table 1. The percentage relative error in K; measured
at those locations is computed as

% Rel error = K'eference solution—K

v measured or simulated x 100 . (12)

reference solution
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Table 1 also enlists the computed relative error at the
select radial locations. Results in Table 1 clearly show
that it is possible to accurately determine K; (error less
than 2%) for an edge-cracked orthotropic laminate using
a single strain gage if the gage is placed within rmax. On
the other hand placing a strain gage outside rmax leads to

highly inaccurate values of Ki. These results substantiate
that the present technique of determination of K;. Using
a single strain gage can be used for accurate determina-
tion of K; for single ended cracked [902/0]10s carbon-
epoxy composite specimens if the gages are placed
within the optimal locations.

Table 1. K; of the edge cracked [902/0]10s carbon-epoxy laminate at optimal and non-optimal positions.

r (mm) Tmax = 34 mm Exlx! K;(MPavm) % Relative error
20.08 optimal 1.57E-03 53.04 0.45
25.18 optimal 1.38E-03 52.21 1.17
42.53 non-optimal 9.13E-04 44.89 14.98
50.19 non-optimal 7.11E-04 37.97 28.09

s.1. Influence of a/b on rmax

In order to study the effect of a/b on rmax, edge cracked
[902/0]10s carbon-epoxy laminates with a/b ranging
from 0.1 to 0.8 are considered, the other specifications of
which including the material properties are same as that

have been used in the previous example. The plots of
In(e,r,) vs. In(r) for the nodes along the gage line for all
the edge-cracked laminates are shown in Fig. 4(a). Fol-
lowing the procedure used in the previous example, the
rmax Value estimated for all the configurations is shown
in Table 2.

Table 2. Variation of rmax with a/b.

a/b

I'max

rmax/b

0.1
0.2
0.3
0.4
0.5
0.6
0.7

4.5
7.8
15.5
34
67
19
10.9

0.045
0.078
0.155
0.34
0.67
0.19
0.109

0
3 -
/—:5 o |
o
el
g 9
-12 -
-15
32 -] 0 1 2 3 4 5 6
ln(r)
(a)

0.8

0.4 0.6
alb

(b)

Fig. 4. (a) In(e,1,) vs. In(r) with a/b =0.1 to 0.8; (b) Variation of rmax/b as a function of a/b.
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Variation of non-dimensional rmax/b as a function of
a/bis shown in Fig. 4(b). It may be observed that the rmax
increases initially with increase in a/b, with a gradual
decrease at higher values of a/b. This may be due to the
fact that atlow values of a/b, crack length in the control-
ling parameter for changes in rmax. However, as the crack
length increases, beyond a certain point, the boundary
effects start having an impact on the rmax as the gage line
proceeds very near to the gage line.

4. Conclusions

The single strain gage technique for the determina-
tion of mode I SIF of orthotropic laminates stands veri-
fied for the selected [90:/0]i0s carbon-epoxy edge
cracked laminates. Numerical simulations show that ac-
curate values of K; can be obtained only for strain gage
readings within the optimal gage locations and K esti-
mated for the numerically estimated strains at the non-
optimal radial locations are erroneous. Furthermore, the
optimal gage locations or rmax is found to be dependent
on both the crack length and the nearness to the bound-
ary (boundary effects).
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Girkmann problem with a Discrete Element Method
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ABSTRACT

ARTICLE INFO

Cells of Voronoi are used as particles in the Discrete Element code CeaMka3D. This
type of meshing does notleave geometrical space like that can be the case with spher-
ical particles. This method has already been used successfully to simulate the propa-
gation of seismic waves in a linear elastic medium in 2D or in 3D. In this paper, a
specific axisymmetric formulation is presented. In a first part, the calculation of the
volumetric deformation of a particle and the forces between particles are described.
In a second part, the specific forces for the axisymmetric formulation are described.
At last, this formulation is tested for the Girkmann problem. This axisymmetric
benchmark has been presented in January 2008 by the International Association of
Computational Mechanics (IACM) in order to test the singularity at the junction be-
tween shell and beam. The accuracy of the axisymmetric formulation for this Discrete
Element Method is evaluated by this benchmark. The results of this Discrete Element
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Method are compared with others numerical methods.

1. Introduction

Particle methods are meshless simulation techniques
in which a continuum medium is approximated through
the dynamics of a set of interacting solids. These include
the Discrete Element Methods (DEM) first developed by
Hoover and al. (1974) in models for crystalline materi-
als. They were applied to geotechnical problems by
Cundall and Strack (1979).

A Discrete Element code CeaMka3D has been devel-
oped by Mariotti and Monasse (2012). This method has
been used successfully to simulate, for example, the
propagation of seismic waves in a linear elastic medium
by Mariotti (2007). This code has also been coupled with
a finite element code by Mariotti et al. (2015) and a new
symplectic leapfrog scheme has been developed in order
to integrate 3D rigid-body rotation with external torque
by Mariotti (2015).

After a determination of the volumetric strain in 3D,
the axisymmetric forces are described in order to re-
cover Hooke’s law. In the last part, the simulation with
CeaMka3D of the Girkmann problem is presented. This
problem has been described by Girkmann (1956) and

studied by Timoshenko and Woinowsky-Krieger (1959).
This axisymmetric benchmark has been presented in
January 2008 by the International Associadtion of Com-
putational Mechanics (IACM) in order to test the singu-
larity at the junction between shell and beam. It has been
studied as a benchmark problem by Pitkidranta et al.
(2008) and Devloo et al. (2013).

2. The Volumetric Strain in 3D

The initial choice was to take a Voronoi mesh which
allows, from a field of points, to bound polyhedrons. This
type of meshing does not leave geometrical space like
that can be the case with spherical particles. By geomet-
rical construction, the plan of contact between two par-
ticles is perpendicular to the line connecting the centers
of particles.

For example; let n be the normal direction between
particles A and B as shown in Fig. 1.

AB
"= 4B (1)
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Fig. 1. Initial contact between two particles.

The initial distance between particles A and B at time
t=0 is defined by:

D:g = ||AB|l¢= - (2)

The relative movement of both particles A and B ac-
cording to the normal is defined by:

D}z =Ds% — lABIl. (3)

It is necessary to choose the method of calculation of
the elastic volumetric strain of a particle A surrounded
by other particles B during their movements.

A particle A has only a part of its surface in touch with
the other particles B. A volume of contact is defined by
the following relation:

1

1
c —
VA - gzlinksBE

eq
D7IS,s, (4)
where Sap is the contact area between particles A and B.

The variation of this volume of contact is given by the
following equation:

1
AVAC = Zlinks B DXBSAB . (5)

To transform this variation of elastic volume of con-
tact to the elastic volumetric strain, it is necessary to in-
tegrate free surfaces of the particle which can also have
an elastic strain.

The complementary volume, called free volume, is
then defined by:

VF =V, —VE. (6)

The variation of elastic volume of the particle A is
given by the relation:

AVG+AVE

ef = et + e = 2VaH ™

To define the variation of free volume, it is necessary
to return to the Hooke’s law. On the free surface and ac-
cording to the normal for this free surface, the normal
constraint is nil, so:

_-‘9 v
gllln = 1—-29 €a (8)

where ¥ is Poisson’s ratio.

On the other hand, the normal elastic strain of the free
surface is connected with the variation of the free vol-
ume

F
1AV
em=-—4 9
A 3 Vi [ )
So:
vE _WE o 9 (VAN v _ o 9 (i Vi)
& = Va 31—219 (VA> € = 31—219 (1 Va €1 (10)
and
c
AV
e’ =54 (11)
A
So:

AVE 9 vE
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- (12)
1+3m<1‘v‘§>
At the end,
e = Tuns 55 Sa5 D - (13)

Va4 9 v§
1+3_1—219<1_ﬁ

An expression for the calculation of the elastic volu-
metric strain of a particle A has been determined. In the
expression of the normal force between particles A and
B, the following volumetric strain will be used.

1
enp =5 (ef +ep). (14)

The normal force between both particles A and B is
then given by:

DTL
P = (K22 + Kyehp) Sus (15)
AB
with
E
KS - ml (16)
EY
Kv = Tra=zn (17)

where E and 9 are respectively Young’s modulus and
Poisson'’s ratio.

The axisymmetric formulation is examined in the next
part.
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3. 2D Axisymmetric Formulation

In a cylindrical coordinate system (r, 6, z), some prob-
lems are independent with respect to coordinate 6. This
symmetry enables reduction to a 2D axisymmetric prob-
lem. The expression of Hooke’s law gives:

__Eow  E) (ai Ur %)
O =Tisar T asma—zs \or T T oz
- Ew, _E) (ai Ur ai)
%0 =T33, T aroa—zo \or T T az)
__E ou ,  E) (%4_& %)
92z =139 0z © A+Ha—2o \ar  r " az)’
- _E (% ﬂ)
Orz = 2(1+19)(62 t% )
O-TG = 0 ,
O'Ze = 0 . (18)

The kinematic of the particles is reduced to three de-
grees of freedom (u,., u,, ). The geometry of the particle
A is defined by a thickness equal to the value of its coor-
dinate r at the initial time 0. The particle is defined by
an angle portion of 1 radian. The volumetric strain of a
particle can be separated into two terms. The first term
corresponds to the volumetric strain in plane (r, z), which
is used to define a volume change &} of particle A with
its neighbours B in plane (r, z) like in the previous part.
The second term in u,/r corresponds to the displace-
ment of a particle A along the radial direction r.

The stress term gyg introduces an additional force
along axis r. This force is calculated assuming that parti-
cle A has two neighbouring particles in the orthoradial
direction . Stress gy can be rewritten in the form be-
low:

R.

_ E(1-9) Ur EY (6ur

ouy,
960 = (149)(1-29) r ' A+9)(1-29) F+_)' (19)

0z

The corresponding force Fgy is orientated along the
radial direction r of the plane, surface S, corresponds to
the surface of particle A in plane (r, z), the equilibrium
distance with the two orthoradial virtual particles corre-
sponds to the initial value 7} of r for particle A, and the
volumetric strain of particle A with its neighbours, €}, is
calculated in plane (r, z) only.

0
TA—TA
o+
TA

E(l_'ﬁ)SA
(1+9) (1—29)

E9S, v
A+9)(1-20) 4B -

Fiy = (20)

This formulation has already been verified for various
value of the Poisson’s ratio by Mariotti and Monasse
(2012), but this formulation for the Girkmann problem
was verified in this study.

4. Girkmann Problem

The Girkmann problem is a benchmark for an axisym-
metric shell supported on a stiffening ring. The junction
between the shell and the beam is a singularity which
may output some deficiencies for a numerical method.
This test was first described by Girkmann (1956) and
later by Timoshenko and Woinowsky-Krieger (1959). A
Benchmark was proposed in January 2008 by the Inter-
national Association of Computation Mechanics (IACM).

This benchmark has been described in a paper from
Szabo etal. (2010) and a paper from Devloo et al. (2013).
A spherical shell of thickness h = 0.06 m and crown ra-
dius Rc = 15 m is connected to a stiffening ring at the me-
ridional angle & = 40°. The middle radius of the spherical
shell is Rm = Rc/sina. The dimension of the section of the
ring are horizontally a = 0.6 m and vertically b =0.5m

(Fig. 2).

a
mb

r

Fig. 2. Geometry of the Girkmann problem (Shell in yellow, Ring in green).

The shell is elastic with a Young modulus E = 20.59
10° Pa and a Poisson’s ratio ¥ = 0. The density of the ma-
terial is 3,269 kg/m3. A gravity force of 10 m/s?is applied
on the shell only and not on the ring. A uniform vertical
pressure is acting on the base of the stiffening ring in or-
der to equilibrate the gravity force. The values expected
in this benchmark are the shearing force Q in N/m and
the bending moment M in Nm/m acting at the junction
between the spherical shell and the stiffening ring.

Classical continuous Finite Element Method may en-
counter difficulties at the singularity between the beam
and the shell. For example, several results of axisymmet-
ric Finite Element Method are presented in the paper of
Szabo et al. (2010), the values of Q are varying between
940.9 N/m and 989.1 N/m and the values of M are vary-
ing between -36.62 and -89.11 Nm/m.

According to Devloo et al. (2013), the Discontinuous
Galerkin method has been shown more accurate in
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solving this type of singularity. So, the values of Q and M
given by Devloo et al. (2013) for the high order DG for-
mulation are taken as reference results for this bench-
mark (Table 1).

In this simulation with the Discrete Element Method,
the shell and the ring are meshed with particles of about
0.005 m as shown in Fig. 3. The CeaMka3D simulation
gives comparable results with the results of Devloo et al.
(2013) (Table 1), the relative error is less than 0.35 %.
So, the Discrete Element Method gives accurate results
for this benchmark.

Table 1. Results for the Girkmann problem.

Numerical Method Q (N/m) M (Nm/m)
zli;l;iircazﬁt?\/l-B-R model 942.5 3745
pevied, 943.65 -36.79
CDE‘\IAV'k”D 946.4 -36.66

Fig. 3. Zoom of the mesh at the junction between the shell and the stiffening ring for CeaMka3D
(Shell in yellow, Ring in green).

5. Conclusions

In the first part, the calculation of the volumetric de-
formation of a particle and the definition of forces and
torques between particles has been described.

In the second part, an axisymmetric formulation for
the Discrete Element code CeaMka3D has been pre-
sented. This formulation is applied to verify the robust-
ness of the Discrete Element Method to the singularity of
the Girkmann problem. This benchmark has been chosen
because it may be quite difficult for classical continuous
Finite Element Method.

The results given by the Discrete Element Method are
closed to the reference results given by a High Order Dis-
continuous Galerkin Method. So this Discrete Element
Method seems accurate for this kind of benchmark with
a strong gradient. The axisymmetric formulation for this
Discrete Element Method is also verified by this bench-
mark. It is an encouraging result for the development of
this kind of method.

The Voronoi mesh has been chosen initially because
this type of meshing does not leave geometrical space
like that can be the case with spherical particles and the
normal direction is linked directly to the positions of

particles. In fact, the volume of contact of each particle is
very important in order to define the volumetric strain.

But at present, one limitation of this Discrete Element
formulation is the Voronoi mesh. In fact, a special treat-
ment is necessary to create a Voronoi mesh along inter-
faces. Ithas been necessary to create a specific mesh gen-
eratorin 2D and 3D in order to respect some geometrical
interfaces with Voronoi mesh. In the future, it will be eas-
ier to use classical mesh generator with triangles parti-
cles in 2D or tetrahedrons particles in 3D. So, one direc-
tion for the development of this Discrete Element
Method will be to define the forces and torques for two
triangles or two tetrahedrons in contact.
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The experimental research of static and dynamic characteristics of rotating parts of
turbomachines is a very important part of the design and verification of the machine
parameters as well as optimization of their operational regimes. The described
method of measuring dynamic and static characteristics, especially blade elongation
and rotor axial shift, are based on the utilization of the non-contact magnetoresistive
sensors developed in the Institute of Thermomechanics AS CR. These sensors exhibit

positive properties for this purpose.
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1. Introduction

Long blades of steam turbines are exposed to extreme
stress caused by centrifugal forces. Variable aerody-
namic and many other excitation forces, e.g. bending and
torsion vibrations of the shaft, cause vibration of the tur-
bine blades especially in the low-pressure stages. Dy-
namic stress components are superimposed on the static
stress component and may cause a fatigue failure of the
blades with consequent large economic losses. There-
fore, it seems most appropriate to investigate experi-
mentally the status and behavior of the long turbine
blades using non-contact diagnostic measurement sys-
tems (Prochazka, and Vanek, 2014). It was concluded in
the study (Prochazka, and Vanék, 2012) that the most
suitable electromagnetic sensors for the harsh environ-
ment of steam turbines are the magnetoresistive (MR)
sensors. These sensors feature high sensitivity, direc-
tional sensitivity, low noise and wide frequency range
from 0 to 300 kHz. Therefore, they can be used for static
measurements and also statically calibrated (Prochazka,
and Vanék, 2015).

2. Results of the Experimental Research

Blade elongation is an important stationary character-
istic for the assessment of blade straining and efficiency

of the turbine stage. The value of the clearance (distance
between the blade tip and the stator) and subsequently
blade elongation may be evaluated from the magnitude
of the output signal of the MR sensor. It is necessary to
measure the maximum or minimum voltage of the im-
pulse generated by the blade passage, or to use the peak-
to-peak value for the evaluation. The output voltage of
the MR sensor depends on the distance between the
blade and the active element of the sensor hyperboli-
cally. The real value of the clearance has to be deter-
mined on the basis of a laboratory calibration. First it is
necessary to determine the appropriate value of the axial
displacement of the rotor. This value is then used for the
correction of the constant by the calculation of the clear-
ance. The axial displacement of the rotor can be esti-
mated by measuring the signal amplitudes of the axial
sensor at the blade root.

An example of real signals from the stator and axial
non-contact MR sensor is shown in Fig. 1. These signals
were recorded at the steam turbine 280 MW at the oper-
ational speed 3000 rpm. The upper signal is the signal of
the stator sensor. The course of the function expressing
the dependence on the axial position of the rotor must be
determined experimentally. The advantage of the MR
sensors is that they can be calibrated statically in labor-
atory using a micrometric traverser. Fig. 2 shows com-
pressed signals of the stator and axial sensors. Individual
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sections correspond to different regimes of the turbine:
1-2 standby revolutions 40 rpm, 2-3 warming revolu-
tions 400 rpm, 3-4 warming revolutions 1500 rpm with
turbine startup, 4-A 3000 rpm, A-B connected to net-
work, B-C disconnected from network, C power 22 MW

connected to network, D 130 MW, E 170 MW. The meas-
ured axial displacement of the rotor when changing
speed from 40 rpm to 3000 rpm was 4.75 mm. The blade
elongation due to the centrifugal force by this speed
change was 4.1 mm.
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Fig. 1. Blade signals of the stator sensor (green) and the axial sensor (magenta).
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Fig. 2. Compressed signals of the stator sensor (green) and the axial sensor (magenta).
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3. Conclusions

Magnetoresistive sensors proved to be a suitable
mean for the experimental research of blade elongation
and turbine rotor axial shift. These sensors feature high
sensitivity and wide frequency range from DC values.
This enables to calibrate them statically atlab using a po-
sitional traverser, which is a very important fact for im-
proving accuracy and credibility of the measurements in
harsh environment of the steam turbines.
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This work focuses on analyzes the non-uniform strain fields in the area of stress con-
centration and study the limiting stress-strain state of the material in the test sam-
ples with different geometry concentrators with the use of the measuring system
non-contact three-dimensional digital optical system Vic-3D. The research included
tensile mechanical tests on flat samples with a hole research of the damage and fail-

ure processes of materials.

Article history:
Received 19 August 2016
Accepted 21 September 2016

Keywords:

Digital image correlation
Limiting stress-strain state
Digital optical systems
Non-uniform strain fields

1. Introduction

In the field of solid mechanics one of the important
tasks is to study the effect of different types of stress con-
centrators on the behavior of structural elements. The
aim of the work is an experimental study of the stress-
strain states in the hubs using the method of digital im-
age correlation. In this work we consider the use of
three-dimensional digital optical system, Vic-3D, the
mathematical apparatus which is based on the method
of digital image correlation (Schreier et al., 2009).

2. Results

The video system is designed for the analysis of dis-
placement fields and strain on the sample surface. The
technique of the experiment using a digital optical sys-
tem, described its structure and working principle. The
mathematical foundations of computing device system
tested on uniaxial compression "Brazilian test" in order
to develop the methodology of the experiment using a
digital optical system.

The results of the uniaxial tensile tests on plates made
of plexiglass with concentrators of different geometries
are also presented the results of tests on a uniaxial ten-
sile carbon plate with a circular hole using a digital opti-
cal system. Mechanical uniaxial tensile test were per-
formed on the test system Instron 5882 and Instron
5989, together with the use of digital optical system Vic-
3D. In Fig. 1, a result of the tensile test plates are con-
structed field transverse, longitudinal, shear defor-
mations (&x, &y, £x), as well as the intensity deformation
(Tretyakova and Spaskova, 2013).

In some cases destruction of plates happened in two
stages, at first on the one hand the concentrator that
about 50% were accompanied by sharp recession of
level of loading, at further loading there was an insignif-
icant increase in value of loading and final fracture of a
plate (Fig. 2).

For the analysis of the sample damage mechanisms,
the strain intensity fields for different values of load
(points g, e) are shown in (Fig. 3). The g-point corre-
sponds to the ultimate strain-stress state of the speci-
men. This point clearly shows the place of defect locali-
zation.
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Fig. 1. Fields of strain intensity &; on a plate surface, an axis of cut with fields of plate.
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Fig. 2. Fields of strain intensity &; for a sample where the axis of cut made with the part of a plate is 60°,
by load: (a) P1=2.837 kN; (b) P2 = 1.243 kN; (c) P3 = 1.713 kN; (d) photo of the destroyed sample.

Fig. 3. Fields of strain intensity for different values of load: (a) isolines Puax= 104.74 kN; (b) broken specimen.
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3. Conclusions

The system allowed to fix the evolution of the fields of
displacements and strains to evaluate the nature of het-
erogeneity of fields to keep track of the material defor-
mation processes occurring on the surface of the sample,
and the add-on software video "virtual extensometer"
was used in determining the mechanical properties of
the material.

The high efficiency of the method of correlation of dig-
ital images to study the behavior of the material in the
event of non-uniform strain fields (Tretyakova and
Wildemann, 2014).
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